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1 First part: Calculus of Variation

1.1 Day 1
1.1.1 Introduction

Definition 1 (functional). A functional is a function defined on a domain of functions,
which takes functions and gives numbers. It is usually denoted J.

Example 2. We use J to denote a functional.

1. J: C(R,R) — R, where C(R,R) is the space of continuous real value functions
between R and R.

2. J:C(R™R") - R
3. Jly] = y(3). If y; = 2 and yo = €, then:

Jy] =3*=9 if y, = 2?
Jy2] = € if yo = e”

4. Let y(z) be an arbitrary continuous differentiable function defined on the interval
[a,b]. We define:

b
Il = [ /(e
Then J[y(z)] is a functional defined on the set of all such functions.

Example 3 (Arc Length). Let J[y(z)] be the length of a curve in R? connecting A(xq, y(zo))
and B(zq,y(z1)). How do we get a formula for J[y]? And is there a minimum shortest
length connecting two points?

By Pythagorean (see figure (|1)) for reference):

ds? = dr* + dy* = dz* + (y'(v)dz)?
Therefore
ds = \/dr? + (y'dx)? = /(1 + (v/)?)dz? = /1 )2dx

Hence we get:

Jmmszzljfﬁﬁﬁm



Figure 1: Arc length

Example 4 (Brachistochrone Problem). Consider a frictionless small ball sliding
down a wire connecting A and B and moving only through the force of gravity. Suppose
that there is no initial velocity. The functional T that describe the travel time can be
calculated as:

. distance
time = —
velocity
In math symbol:
ds
T= [ —
c U

Similar to earlier example, ds = /1 + (y/)?dz. It remains to find dv. This requires some
physics (see figure ([2)) for reference). The Kinetic Energy at B minus the Kinetic Energy
at A is the total work done in moving the ball from A to B. So:

L
§mv —0=mgy
Lo
—mv° =m
5 9y
v? = 2gy

v =/29y

Now put in 7" and we get the equation:

™ V1 (y)2dx
T[y] - \/xvo \/%
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Figure 2: Brachistochrone Problem

Question 5. In Brachistochrone problem, can we:
1. Find y(z) so that it gives the shortest travel time?
2. What if the case the initial velocity of the ball at A is non-zero, what is T" formula?
An important class of functional, the linear functional:

Definition 6 (linear functional). Let J[f] be a functional defined on a normed linear
space K. Then J[f] is said to be a linear functional if:

1. J[af] = aJ[f], for any f € K and any real number «.

2. Jf1 + fo] = J[fi] + J[f2), for any f1, fo € K.

1.1.2 Foundational

Next, we will begin the theory of variation. A building foundation (which helps give the
proof of Euler-Lagrange Equation) is the Fundamental Lemma of Calculus of Variation.

Lemma 7 (Fundamental Lemma of Calculus of Variation). Let g(z) € C|a, b
satisfying the condition:

b
| stz =0
for all n(z) € Cla, b] such that n(a) = n(b) = 0. Then we must have:
g(xz) =0 for all x € [a,].

Proof. The proof idea is by contradiction. Suppose there is a point x* such that g(z*) # 0.
WLOG, assume g(z*) > 0. As g(x) is continuous on [a,b], there must exists a small
interval z* € [x1, 25| C [a,b] such that g(z) > 0 for all z € [z, 25]. Now, if we set our n
function to be:

0 otherwise

() = {(x —o)(r — 1) if x € [, 2]



Then n(z) is continuous on (a, b) and also n(a) = n(b) = 0. Then:

[ stemwac= [ g

Zo

— /m g(x)(z —x1)(x —x0) >0

o

since the integrand is positive except at end points z; and x5

And this is a contradiction. Hence we proved the Lemma. O

Lemma 8 (Second Fundamental Lemma of Calculus of Variation). Let g(x) be con-
tinuous in [a,b] and that if f;g(:c)n’(x)d:c = 0 for every n(z) € C'(a,b) such that
n(a) = n(b) = 0. Then

g(x) = C for all x € [a,]]

Hints. Let n(z) = [7(g(£) — ¢)d¢, and C is defined as f;(g(x) —¢) = 0. Then consider:

| o)~ Cnia)aa

Proof. HW. m

Definition 9 (Extremum). If J[y| is a functional. Suppose there exists some yo(z) such
that J[y] — J[yo] does not change its sign for any y(x) = yo(z) + en(z) for sufficiently
small e. Then we say J[y] has an extremum for y = y,.(see figure for reference)

Question 10. How can we find the location of the extremum of a functional J[y]? We
use the variation of J technique.

Definition 11 (variation of J and extremal of J). Consider a family of functions y. =
Yo + en(x) for some specific yo and 7. Let

and ,
I(e) = Jy, +en| = / F(x,yo +en,yy +en’)dx
Then the variation of J at yg is defined to be:

dl
5J[y0] = d_g

e=0

Observe that since [ is just a function of the single variable e, therefore when € = 0 in

the above definition, we will get an extreme value. So we say yg is an extremal of J
if:
dl

d
—Jyo +en] = —

de de =0

e=0

Remark 12. The extremal condition above is a necessary condition: If a function
f(z) has a min/max at zg, then f’(z¢) = 0 if the derivative exists.
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1.2 Day 2

1.2.1 Euler-Lagrange Equation

Theorem 13 (The Euler-Lagrange Equation or Euler’s equation). Consider the func-
tional:

J(ly(x)] = / Fla,y, ' )dz

defined on all functions y(z) with y(a) = A and y(b) = B. If J[y] has an extremum at
y(x), then y(x) satisfies the E-L equations (Euler equation):

d
Fy= - Fy =0 (1)

Equivalently, the computation is:
Fy = Fy, — Fyyy' — Fyyy" =0
Remark 14. Remember the formula. And this is for the case of 2 fixed end points.

Proof. This might be skipped while studying for qual?. The y(x) gives an extremum of
J. We defined:

yla) = y(x) + en(x)
We know that y(a) = A and y(b) = B, we require: g(a) = A and g(b) = B.This
gives n(a) = n(b) = 0. Now since y(x) gives an extremum of J, we must get dJ[y|] =

d%J[g]‘ =0:
e=0

d d

b
ZJil= — | Flx.g.7
dEJ[y] dE/a (z,9,9)dx

b d
:/a d—gF(x,g,ﬂ/)dx

—/b 8_Fd_x+0_F@+8_F8_g’ dx
), \Oxde 0y de O de

-/ b (G0t + G (a) o

dz

The last equality is true because 52 = 0, and % =n(x), and %—Z = 1n'. Now we calculate

the second term above by integration by part:

bOF OF
/a 8_37'77 (x)dx = 8—gln(:r)

—— [ LGt

since n(a) =n(b) =0

b b
d OF
[ GG




So
boF d OF
= a—g-n(x) - a(a—g,)ﬂ(ﬁ)dﬂf

e=0 a

AR DICEN

= [ (5 - G =0

when e =0,y =y.

e=0

Now if F' is sufficiently smooth, %—Z - %(3—5) is continuous. Since n(x) is arbitrary, by

the Fundamental Theorem of Calculus of Variation, we must have the function which we
are multiplying for n(x) must be zero:

oF _a oF, _
oy dx oy’
And this is the E-L equation (with y(a) = A and y(b) = B. O

Remark 15. A smooth extremal might not exist.

Definition 16. A function y(z) is called an extremal of a functional J[y] = f; F(z,y,y)dz
if it satisfies the E-L equation.

Remark 17 (Variational derivative of a functional). The F, — 2LF, = 0 is called the
variational derivative of the functional J.

Remark 18 (Beltrami identity). A special case of E-L equation is when F' does not
depends on z, says F' = F(y,y’) and this is called the Beltrami identity:

F — y/Fy/ =C (2)
To see why this is true: We begin with the usual E-L equation:

d
F,—~F,=0
de "’
Multiply by 3/ gives

d
yE—y - Fy=0

Now note that F, = 0 (since F' does not depends on x), so in the above equation we add
the term: F, + Fjyy" — F,yy” and then regroup:
d

Fy+y'Fy+ Fyy" — Fyy" — y,%Fy’ =0

d
— —(F—4'F,)=0
<~ F—-yF,=C

Question 19. How about when F' does not depend on y or y'?



Example 20 (Work-out Shortest length). Let J[y(z)] be the length of a curve in R?
connecting A(xg,y(xo)) and B(x1,y(x1)). Find the y(x) that gives the shortest length.

Recall that -
Jmm—/ VIt )

Then we let
Fr,y,y) =1+ (y)? = F)

Let’s compute some term to put in E-L equation:
1. F,=0

2. The term Fy, is:

Now we put into E-L equation:

d
F, %Fy/ =0
gives:
d /
0— Y —0
dr /1 + (y')?
Therefore: )
i —0
1+ (y')?
And so: .
¥y
L+ (y)?

We will now solve this by multiplying and squaring:

W) =C*(1+ ()%
(y)?(1—C? =C?

, [
VeyizaE "

Hence we must have y = max +b. We can determine the value of m and b based on the
initial conditions A(zg,yo) and B(x1,y;). This gives:

yO_y1x+(y1_y0_yl

ZL’l)
To — 1 Lo — T1

10



Example 21 (Brachistochrone Problem - full worked out). Consider a frictionless small
ball sliding down a wire connecting A and B and moving only through the force of gravity.
Suppose that there is no initial velocity. What is the shape of the wire so that the ball
has the shortest travel time?

WLOG, we may assume A(0,0) and B(xy,y;). Again recall earlier, the travel time is a
functional 1" which we derived:

/ \/de
:_/ Wd:c
V29 Vi

So if we denote
1+ (y)?
VY
We start the computation in E-L equation, note that there is no z in it, so we’ll use the
Beltrami Identiy:

F =

F—y/Fy/ == C

We compute:

RV R
Then put it into Beltrami equation:
1+ @)? y
Vi Ut wr
L+ ) - )
VIVIFW)?
1

Y1+ (1)) = = = h

Now we try to solve this ODE problem, using separable method:

y(1+ ()% =k

IZ_E

1+ (y) =3
dy y k—y

/m_/JiR@

Now from calculus, the integration on the right is using the trig substitution y = k sin?

11
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Figure 4: Cycloid

and dy = k2sin 6 cos 6:

a:—/\/ ksin® 62ksm€cos€d0
k cos? 6
/QSm 0do

= k/l — cos(20)df = k(0 — |

Therefore we get:
1
y=ksin?f = k§(1 — cos 20)

Since we have 1 initial point (0,0) for (z,y), we get that C' = 0. Se we have the following
curve, which is a cycloid, see figure for picture (in parametric form):

y = k3(1—cos20)
v = k(6 — %)

2

Remark 22. What happens if the initial velocity of the ball is non-zero?

1.2.2 Special class of Euler-Lagrange: no boundary conditions

Remark 23. In the previous section, we derived the E-L equation in the case that
y(a) = A and y(b) = B to get n(a) = n(b) = 0. That means we have 2 fixed boundary
points. What happens if we have no boundary condition?

We establish the theory, starting with the following example:

Example 24 (Euler-Lagrange for variable end points). Suppose end points of y(x) lie
on two vertical lines © = @ and x = b. Find the curve for which the functional J[y] has
an extremum. We follow the proof of Euler- Lagrange general case and consider this:

d
0 = —Jy+en)

= n(a) =0

Tr=a

b
d
= / (F, — d—Fy/)n(x)dx + F,
=0 a

i

n(b) — Fy

r=b

For a special class of n(z): n(a) = n(b) = 0, the variation 6 = 0. Then in order for the
term 01 to be zero, we must have the following:

12



1. The first integral is zero:

b
d
| B = SRmta)dn =0

Therefore the integrand must also be zero. And since n(z) can be any function, we

must have:

d
Fy— - Fy =0

And this means that y(x) satisfies the Euler-Lagrange equation. And this
gives y(x) must be an extremal.

2. The second term must also be zero, that is:

Eyl () = Fy| n(a)
x=b T=a
As n(z) is arbitrary, we must have:
F, =0
r=b
and
F, =0

This is called the natural boundary condition.

1.2.3 Multi-dimensional functional

A. Consider the functional (one variable z and n functions of x the y;(z)):

b
J[yla"'7yn]:/F(xaylw"7yn7yi7"'7yé)dm

A neccessary condition for the curve y; = y;(x), for i = 1,2,...,n to be an extremal of
the functional J[yi,ys,. .., ¥y,] is that the functions y;(x) satisfy the Euler equations:
d .
F, — %Fyé =0, fori=0,1,2,...,n

Example 25. Consider
F = yiys + yiye + Y19
And Jly1, ..., yn] = ff Fdx. The E-L equations are:

1. F,, — %Fyi = 0 which is equivalent to:

d
Ys + 2y1y2 — %yé =0

2. Iy, — %Fyé = 0 which is equivalent to:

d
?Jf + 2y1y2 — %yi =0

13



B. Consider a functional of the form (2 or more independent variables, say x,y, and
one function of 2 variable, say z(x,y)):

J[z] = // F(x,y, 2, 24, zy)dedy with z = z(z,y)
R

where R is some closed region. The E-L equation for the functional J[z] is:

d d
F,——F,_——F, =0
de ™ dy ™
Example 26.
1 1
F = F(z,t =yl — =y
({L‘, ayvyacayt) 2ym 202yt
Then the E-L equation is:
d d
F, F, ——F,=0
d d 1
0— —vy,— —(——=2y,) =0
dz” dt( 2¢? v
Py 1dPy 0
dz? =~ 2 dt?
d? d?
d_tg = ch—;; which is the Wave equation

1.3 Day 3
1.3.1 Invariance of E-L

Next we establish that Euler-Lagrange should be the same when we do change of variables.
We have the following theorem:

Theorem 27 (Invariance of the Euler-Lagrange Equations). Consider the functional:

b
Tiy(@)] = / Fla,y,y)da

with the corresponding Fuler’s equation:

d
——F,=0
dz Y

F,

Yy
Let x = z(u,v) and y = y(u,v) be new coordinates such that

Ly Ty

0
Yu Yo 7

Then if a curve § = §(x) satisfies the Euler’s equation, the corresponding curve v = v(u)
obtained from using the change of variables satisfies the Fuler’s equation:

OFy 0 0F

v OJu OV’
where the Fy defined the functional obtained from J[y| using the change of variables:

B1
Jly] — Jily] = / Fi(u,v,v")du

1

14



Proof. Skip. The idea is that

/ 51
Iy = / 1™ F(a(u, 0), (1, 0), 28 2y 4+ 00 )du = / Fy (0,0 )du

)
T, + T,V o
And we can continue.... O

Example 28. Find the extremals of the functional J[r| = f:f V/r?+ (r")%dp, where
= (o)
We have 2 methods of solving these:

1. Method 1: Use the corresponding Euler Lagrange equation is F, — %Frx = 0 with
F = /12 + (1")%2. Therefore the Euler Lagrange Equation is:

r d r’

NN

2. Method 2: The second method is using change of variable. Let x = rcos¢ and
y = rsing. Then:

0

dx = dr cos ¢ — rsin pdp

and
dy = drsin ¢ + r cos pdp

and
dr = r'dy

Let us calculate:
(dz)? = (dr)? cos* ¢ — 2rdr sin ¢ cos pdy + r? sin® (dp)?
and
(dy)* = (dr)? cos® ¢ + 2rdrsin ¢ cos pdp + 7% sin? o (dp)*
Now add them together, the term 2rdr sin ¢ cos ¢dyp is cancelled and we get:
(dz)? 4 (dy)? = (dr)? cos® ¢ + r? sin® (dp)?
Now note that dy = y/'dx, and dr = r'dp so the above is:

(1+ ()" (dz)* = ()" +r*)(dep)”

VT P = P

Then the Ji[y] = f:’f v 1+ (y')2dz, and the solution to this E-L equation of J[y]
is y = max + b. Convert it back to r we get

rsing = mmrcosy +b
and so

b

sin ¢ — mcos

r =

15



Exomple - Mod: fied  Brachsstochrmwe problem :
A “a

A \ S D
g 7
& &2
Figure 5: Modified Brachistochrone Problem

1.3.2 Euler-Lagrange when 2 end points can varies among a curve

For instance, in a modified Brachistochrone problem such as in Figure, we varies from
having 2 fixed end points A and B to the case of 1 fixed end point A and another end
point D varying on a curve, and the the last case when both end points C' and D varying
on 2 curves.

Now we have this theory:

Theorem 29. Consider J = f;’f F(z,y,y')dx where (x1,y1) and (z2,y2) can vary along
two curves Yy and Ys, respectively, and that:

y(z;) = i) fori=1,2
Suppose the functional J has an extremum for y = y(z) with o1 < x < xgg, then :

1. y(x) must be an extremal of J

2. y(x) must satisfy the transversality condition:
2

F— Fy/y/ + Fy’Y;‘, =0

1

Proof. Let g(x,e) = y(z) + en(z) with z1(e) < z < z9(e), and —d < e < 4. Note that
n(x), x1(e), x2(e are arbitrary functions.
If we require end points of g(z,¢) on Y;(z), then:

y(i(e)) +enlzi(e)) = Yi(wi(e))
Differentiating both sides wrt € at ¢ = 0:

) 0)) = v o) 20

Denoting xo; = z;(0), the above is:

) = ¥ () T8y () 2

With the functional

x2(€)
I(e) =/ F(z,y+eny +en)de
xl(s)

16



Figure 6: varying end points



To obtain the extremum value at y(z), we must require % = 0. Then:
e=0
dl(e)
0=
de
e=0
dxs(e)
= (P enlasorf + o1l )
e=0
dxy(g)
~ (Pt el + o luo) ) ]
e=0

w2(e) g
+/ —F(z,y+eny +en)de
z1(e) dEf

e=0

For simplicity, we write F'(zo;) = F(xoi, y(x0i), ¥ (z0;)). So the above is simplified into:

_ di(e)
0= de
e=0
F(x )dmi(o /m2(0>8_F6_a:+8_F +8_F '
=R R TS oy oy

Now note that % = 0 and then alo use integration by part for the left over term with

the integral, we get:

~dl(e)
0= de
e=0
de ()" oF |° =@ er  4oF
= F(x¢;)— — Ry —
(i) de +8’ +/m1(0) 8y77 dx 0y’

2 2
B drz;(0)|  OF [, dr;(0) . da(0) 20 /9F  d OF
= Flao) == + 5, (Yi (2:(0) == =¥/ (@) == )| + / oy dr oy

1 1(0)

de de

1(0)

~ (Pt = Byt o) 282+ a0 22 ' + o (5 g o

Choose a particular class of n(z) such that n(zy;) = 0 and dmgl'—éo) = 0, so we got

F d OF
(9_ — —0— = 0 which is E-L equation
oy  dzx oy

And in addition the term:

(F(m) _ (o) (w01)) dﬁ;f) Ly <w0i>n’<x,~<o>>dx;§0>)




Therefore we must have when ¢+ = 1 and ¢ = 2, each of those two terms equal to zero:

((F - Fyy') + Fy/Yil) =0

1
Or in term of derivatives, equivalently:
2

<<F — Fy/y,)dl'i —|— Fy’d}/i/> = O

1

And this completed the proof. O

However, in practice, we may see nice class of functional, in which we can convert
transversality condition into orthogonality condition.

Example 30. Consider a functional of arc length:

1= [ VIR WP = [ rw

Show that the transversality is the same with orthogonality.
Here our

So computing

Fy=—2
1+ (y')?
Then:
/ /
Fo—Y Yy —0fori=12
V14 (y')?

L+ ()2
1+yY/ =0fori=1,2

1
"= ——fori=1,2
And because the Y, are the slopes of the boundary curve i, and the ¥’ is the slope of the
solution function, we see that the solution function is orthogonal to both the boundary
curves.

Example 31. Show that transversality is the same as orthogonal if and only if F'(x,y, ')
has the form F' = g(x,y)+/1 + (¢')? with g(z,y) # 0 near the point of intersection.
See HW for proof.



1.4 Day 4
1.4.1 Variation problem with Integral Constraints - Isoperimetric Problem

Among all the closed curves of a given length [, find the curve enclosing the greatest area.
Note that isoperimeter mean with the same perimeter.

Theorem 32. Given the functional

b
Jlyl = / F(x,y,y)dx

Let the admissible curves satisfy these conditions:
1. y(a)=A, y(b) =B

2. kly| = f; G(z,y,y)dxr = | where k[y] is another functional.(this is the integral
constraints).

Let J[y] have an extremum for y = y(z) subject to the conditions above. Then ify = y(x)
is mot an extremal of kly|, there ezists a constant A such that y = y(z) is an extremal of
the functional:

b
/ F — \Gdzx
i.e., y = y(x) will satisfy the (E-L) differential equation:
d d
Fy = MG, — —-G,) =0

Remark 33. Recall the method of Lagrange multiplier: To find the max/min of f(z)
subject to the constraint g(z) = 0, we form the Lagrange function:

L(x, X) = f(z) — Ag(z)

and then find the stationary points of L considered as a function of z and the Lagrange
multiplier \.

Proof. Let y = y + e1m1 + €212, where 515 is the correction term, it makes sure that y
satisfying the isometric constraints, regardless of what £1m; is. Then:

b
Jy] = / F(z,y+ e + eana, y' + ey + eany)dx
= 9(81,52)
And
b
Klg] = / G(z,y +e1m + eama, i + e1my + eamy)dx
=0

(51,82) =1

The original optimizing functionals under constraint is converted to a simpler problem:
optimizing (g1, £9) under the constraint of ®(gq,e9) = I.
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When (e1,e2) = (0,0) and § = y gives the extreme value of J[y]. Using the method of
Lagrange multiplier, we get:

Vl(ei,e9) = = AV (D(e1,69) — 1)
= /\VCI)(€1,€2>

Therefore:
V@(sl, 62) — /\Vcb(sl, 62) =0

Now the partial derivatives are:

00 0
e=0
and
00 0
— —A— =
(682 )\882 ) 0 0

Let’s work on the first equation and take a look at the two terms:

1. the term:
00 0 b
el - 7 Flr.i. i
e 7 /. (2,9,9)
e=0 e=0
bOF N oF
= — —nydx
; ay 771 8y,771

Ly
), \ Oy dz oy n
2. Similarly, the second term is now:

[ 0y,
), \ Oy  dx oy n

e=0

o
861

Therefore the first equation is now:
b
OF d OF oG d oG
[ |G - a9 G~ dagy e =

Since 7 is arbitrary function, by the fundamental lemma of calculus of variation, we get
the intergrand must be zero:

0 0
%Fy/ -Gy — pp

And this completed the proof. O

(Fy_ )Gy/:0

21



Example 34 (Classical Dido’s problem). Among all curves of length [ in the upper half
plan passing through the points (—a,0) and (a,0), find the one which together with the
interval [—a, a] encloses the largest area.

We suspect that it should be a upper half circle. Let’s prove it:

The arc length is the functional

We wish to find y(x) such that J]y] takes the largest value subject to the conditions:

y(—a) =y(a) =0, and k[y] = / V14 (y)ide =1
-1
From the theorem we consider the functional:

Jlyl — Ak[y] = / y— A/ 14 (y)2dx

Let us denote M =y — XAy/1+ (y')?, then the corresponding E-L equation for M is:

d
My - %My/ — 0
d /
1+ o (Aee) = 0
dr T W)
y/
T+ \— =
Try)?
"2
O . 2 — /\2 (y)
(Cy — =) 1+ ()2
)N = (z = C1)?) = (C1 — x)?
y ==+ Gi-w dx

\/)\2 - (x—C’l)2

Take the plus case. Let © — C7 = Asin6, then de = Acosdf. Also C; — x = —Asin6:

Yy = / _Asmg)\cosﬁdﬁ

cos

= —A/sin@dé’ = —Xcosf + Cy

Therefore
x—C] = Asinf

and
y— Cy= Acosb

And so we get:
(ZE — 01)2 + (y — 02)2 = )\2

Where the C}, Cy, A are determined by the constraints. (which you can figure out with
the initial points (—a,0) and (a,0)).
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1.4.2 Holonomic Constraints - Pointwise constraints

Definition 35 (Holonomic Constraints). A constraint on a dynamical system that can be
integrated in such a way to eliminate one of the variables is called a holonomic constraint.
A constraint that cannot be integrated is called a nonholonomic constraint.

The point is that a constraint is holonomic if it can be integrated (to give g(g,t) = 0)
and then applied to reduce the degrees of freedom in a system.

Theorem 36. Given the functional

b
J[y,z]:/ F(x,y, 2,9, 2 )dx

Let the admissible curves lie on the surface:

1. g(z,y,2) =0
and satisfy the boundary conditions:

y(a) = A1, y(b) = B
z(a) = Ay, a(b) = By

Suppose J|y, z| has an extremum for the curve:

2. y=y(z) and z = z(x)

Then if g, and g, do not vanish simultaneously at any point of the surface 1, there ewists
a function \(z) such that 2 is an extremal of the functional:

b
/ F + \x)gdx

i.e, it satisfies the differential equations:

d
Fy+)\gy — %Fy/ =0

d
F.4+ Mg, — —F., =0
dx
Proof. Skipped. O

Example 37. Among all curves lying on the sphere 2% + y? 4+ 22 = @? and passing
through two given points (zg,yo, 20) and (z1,y1,21), find the one which has the least
length. (Finding the geodesics).

The length of the curve x = z(t),y = y(t), 2 = 2(t) between the two given points is:

t1
/ /1;/2 +y/2 + Z/2dt
to

And the constraint is 22 + y? + 22 — a® = 0.
The auxilary functional is then:

t1
/ 2%+ y? + 27 = Mt (2" +y’ + 2" —a?)dt =0
to

And then we can have the corresponding E-L equations are.... In some cases, these are
easy to solve. (In some cases, they are not).
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1.5 Day 5:
This section follows Chapter 4 of Gelfand Fomin Calculus of Variation book.

1.5.1 Non-holonomic Constraints - constraints are given by DEs

Suppose we have a functional:

Jm:/Fm%wm

The corresponding E-L equation is F, — Fy/ = 0. This is a second order differential
equation. We can follow some steps to have another approach to this:

1. Reduce the E-L equation: let y; = 3’ so we have

dy_
dx_yl
and so
d
Fy—%Fylzo

2. Canonical variable: p = F},. Then we change from:

z,y,y —T,y,p
F(x,y,y') = H(x,y,p)

where [ and H are related by H = —F + 3/p, and we regarded ¢’ as a function of

z,Y,p-
We called p the momentum, H is the Hamilton corresponding to functional J[y].

Note that the canonical variables are x,y, p, H.

Question 38. How do we express the E-L equation in terms of the new canonical variables
x.y,p, H?
With

H=-F+yp

We calculate:

dH = —dF +dy'p + dp.y’, note F' = F(x,y,y)
OF OF OF

= .d —.d d dy dp.y/
—(5, Y y+a,y)+ y'p+dpy
F F F F

= 0 dm—a—dy—I—ydp, smcep—a the term —8—dy’+dy'.p:0
Oz y oy’ Y

Now since H = H(x,y,p), when taking derivatives we get:

OH oH OH

Then we compare the two equations and get:

OF OH OF  0H , OH
or oz’ Oy 8y’y_8p
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So now we can write the E-L equ

and

so the E-L equation is now:

which is equivalent to:

Combining with the original set up of the canonical:

ation: F, — d%«Fy’ =0 in terms of H:
B oF B oH
Y0y oy
Fy/ =P
od d
oy da:p N
_OH _dp
oy  dx
dy OH
dr ap

We have the following Hamilton’s system - Hamilton equations:

Example 39. Consider Jly

And if we let

_ OH
dx — op
dp _ __OH

de — By

\/ 1 + (v/)?dz the arc length functional. Then:
F=+\1+)?

Y
A ey
We get:
1+ @)’ =)
And so:
I p
y >

Then we calculate the Hamiloton:

H(z,y,p) =—-F+yp =—/1 24—

V1 p

oty

ﬁm

—p’

ﬂ

—/1—p?

The Hamilton system will be:

dy _90H _ _p
dx 8]2 \/@
dp _ _9H _
dr ~— oy



Definition 40 (Variational Formulations).

1. If J = f;zl Fdx, then F' is called the Lagrangian. Sometimes the Lagrangian is
written as L instead of F'.

2. As defined above, H = H(z,y, p) is the Hamiltonian, we denote £ = L(t, ¢, ). Now
sometimes we called generalized coordinates (¢, ¢, p) in which p = q.

3. The transformation (q,¢) <= (g, p) such that:
H=-L+pg

is called the Legendre transformation. This transformation is an involution,
i.e., a transformation which is its own inverse:

(a) The transformation from £ to H (£ — H):

oL
H:—,C—i-pq:—ﬁ—i——q
dq

(b) The transformation from H to £ (H — L):

OH
—-H+ —p=—H+gp
dp
oL . :
—(—£+a—q-Q) +4dp
= L , since p = g—s

4. Now the functional J is:

b
Jlp,q) = / —H(t,q,p) + pqdt

Where we also have the Canonical Euler equations:

P +¢=0 A
b oh g ()

dq
Definition 41 (Physical Interpretation of functional J). Let J[q ft (t,q,q)dt. Con-
sider the motion of a single particle in R?. Let ¢(t) = (z(t), y(t), ( ) denote the position

of the particle at time ¢. Suppose it has mass m and let "= % (dot over a quantity denote
the derivative in time). Then the kinetic energy of the particle is:

1
T = 5m(#*(t) +9°(1) + (1))
Assume there is a function V = V( q), and the force f = (f1, f2, f3) acting on the
particle has the components f; = Bx ,fo = ay  f3 = %—‘Z/. Also, this V is called the
potential function.

Denote £ =T — V', and this £ is called the Lagrangian of this system.
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Theorem 42 (Hamilton’s Principle). The motion of a system of particles ¢ from a given
initial configuration ¢(to) to a given final configuration q(t,) in the time interval [ty,t1] is
such that the functional:

t1 .
s = [ ete.di
to
15 stationary.

Remark 43. In the above, let’s write:
1
L= §m(x2 + 9+ %) = V(z,y, 2)

For u = x,y, z, the E-L equation is:

Therefore we get:

mg =—VV = f (force)

where f = ma: Newton’s second law in three dimension.

Example 44 (Simple Pendulum). Consider a simple Pendulum of mass m and length [ in
the plane. Let (z(t),y(t)) denote the position of the mass at time t. As 2%(¢) +y2(t) = [?,
we only need one position variable, so we use polar coordinates instead and the position
of the mass is characterized by the angle ®(¢) between the vertical and the string where
the mass is attached.( See figure (7)) Then find the equation of the motion of the mass.
We have the following:

1. The kinetic energy is T = sm(i? + ¢?) = %ml2¢>2(t)
2. Potential energy: V' = mgh = mgl(1 — cos ®(t))

Then the Lagrangian is:
) 1 )
L(D, D) = Eml2<l>2 —mgl(1 — cos D)

The Hamilton principle implies that the motion from a given angle ®(ty) to a fixed angle
®(t;) is such that the functional:

t1 1 .
J[®] = / (Emlzcbz —mgl(1 — cos CID)) dt is stationary
to

The E-L equation is (letting g = ®):

oL doc

d
= 27— _malsing — —mi%é?
9 dt dq mglsin q mi°q

dt
= —mglsing —ml*§j =0
Therefore

G+ %sin g = 0 (equation of motion F' = ma)
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Figure 7: Simple pendulum

The general Hamilton theory (when transforming from £ to H) is:

H=-L+q4
L oL :
= =T+ V 4+ mq.q since the momentum p = — = mqg

Jq
=—-T+V +2T =T+ V (total energy of the system)

In the case of Simple Pendulum, we have the momentum:

oL
= — = ml?%g
p Ex miq
Therefore:
ie P
ml?
Plugging it back we get:
H(t,q,p) = =L+ pg
L o, P p
= —éml (W) + mgl(1 — cosq) A
I )=T+V
=5ty cosq) =

The Hamilton equations are:

;= 0H _ P
q dp ml?2
P —%—IZ = —mglsinq
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Therefore, we get the E-L equation:

D —mgl sin q g .
= = —7sing

1= mil2 ml2

The H(t,q,p) is the total energy, when is the total energy conserved?

Theorem 45. If the Hamiltonian function does not depend on t explicitly, then it is con-
stant on any solution (q(t),p(t)) to the Hamilton’s equations, i.e., H(q,p) = C constant.

Proof. Just need to show dd—lj = 0. In fact, we have:
d OH dq OHdp
—H(q(t),p(t)) = —— + ——
OHOH O0H, OH OH OH
= a—qa—p + 8_q(_8_q) use Canonical Euler equation |4 ¢ = a—p,p = _0_q
=0
Therefore H(q,p) is a constant on (g, p). ]

Definition 46 (First Integral). The first integral of a system of differential equations is
a function which has a constant value along each integral curve of the system.

Remark 47. Therefore, by previous theorem, if £ does not depend on t explicitly, the
function H(q,p) is a first integral of the E-L equation.

1.6 Day 6:
1.6.1 Hamilton-Jacobi equation

Previously, we were given J[y] = f;;l F(z,y,y)dz, we find the extremal y. Now if we

known y is the extremal, we evaluate the integral fi}l F(z,y,y)dx = S. We have this
definition:

Definition 48 (action function). The action function S is defined as the integral:

5= / Py, y)de

xo

evaluated along the extremal joining the points A(zg,yo) and B(zx,y).
Note that S = S(z,y) is a single-valued function of the coordinates of the point B.(see
figure for pictorial reference By, By, . ..)

Remark 49. With the definition of action function, we consider the 2 ways to evaluate
its derivatives:

1. The first way:
ds oS , 0S

%_8_yy+% (5)
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Figure 8: Hamilton Jacobian picture

2. the second way: Recall that

H=-F+py
Therefore:
F=—H+py
So . o
5= / F(e.y.y) = / CH 4 pyde
x0o z+0
Therefore: "
2 _H ! 6
T + py (6)

If we compare and (@ we get:

_ 8s
{p o s (7)
~H=1%
In particular, we get:
05 + H(z,y,p) =0
a],' 9 y7 p -
And we call this Hamilton-Jacobi equation:
o5 + H(z,y, 6)—S) = 0, where S = / pdy — Hdx for C an extremal (8)
Ox Ay Co

Example 50. For a functional J[y] = f:(y’ )2dx, we want to find the H-J equation:
F=()*and H=—F + py'.
Now:

_or .,

= =2
P=oy =
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and

, 1
Yy = 2]9
Then . ) .
H = —(=p)* —p = —p*
(5p)" +p5p=7p
So the Hamilton-Jacobi equation is:
0s 1,05,
2 (ZEN2
ox + 4(8y)

Example 51. Consider the light propagation in some medium. The action function is

the total travel time: 5
5= [ nwa)ViT s

A

Denote
L=n(z,y)V/1+ ()
Then:
oL (2.9) Yy’
=— =n(z,y) —

"oy Wy

Now we can solve for ¢ from this equation and get:
p
/

Then we calculate H:
H=—-L+py =-n(z,yV1+({y) +p—’nzp—_pQ
— _\/n2 —

And so the H-J equation is:

oS 08
o8 0s*
— - 2 - 5 -
5 ( n e )=0
( g_i )2+ (g_*j)? =n? : Eikonal equation
(VS)? =n?

Question 52. We have some follow-up questions:
1. How to solve the H-J equation for S?
2. How is the solution to H-J related to the extremals?
We have some answers to the above questions, for some special cases:

Remark 53. The special cases are when H does not depends on x or when H does not
depend on y:
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1. If %—f = 0, that is, H = H(y,p). Then H = constant on extremal Cy. So suppose

H = «. Then:
95 _
or

—Q

So
S(x,y) = So(y) — ax

2. If %—g =0, i.e, H= H(x,p). What is the expression of S?

Since
dp _8[—] 0
de Oy
So p = C constant on Cy. Then:
S = pdy — Hdx
Co

= [ Cdy— H(z,C)dx
Co

=Cy— [ H(z,C)dx
Co

1.6.2 n-dimensional Hamilton-Jacobi equation

Consider the general n-dimensional case of the H-J equation:

oS 0S oS

—+H — ., ) =
al’ + (xayl) y Yns 8y17 aayn) 0 (9)

Theorem 54. Let
S=S(xy1, oy Yn, 01y ey Q)

be a solution (to the H-J equation), depending on m(< n) parameters ay,...,a,, of the
H-J equation (@ Then each derivative:

fori=1,2,....m

S
(904@» ’
s a first integral of the system of Canonical Fuler equations:

der  Op;’ dx __8%

i.€., (%i = const, along each extremal i =1,2,...,m.
Proof. Only need to show that % (%) = 0 when y; and p; satisfy the Hamilton’s equation.
We get:

3(('35)_ 028 n " 9%8 dy

dr O’ Oxday pet OyrOay; dx

From the H-J equation:

oS oS S

P _ g T
ax (xaylv Y 8y1 ayn)
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So taking partial derivative of this again wrt the a; give:

Z OH 0*S
8958041 Opy, Oy 0cy;

Therefore combining we get:

005 SN[ #S (oM
dz " 0a; p OyrOa; \ dr  Opy
=0
Since along each extremal, we get < dy’“ — gf = (0. Therefore:
SS = f3; = constant
Q;
along each extremal. O

Theorem 55. Let S = S(x,y1,. .., Yn, 1, ..., Q) be a general solution of the H-J equa-

tion @ depending on n parameters aq, ..., ay,. Let the determinant of the n X n matriz:
9*S
# 0
00 Oy
Let By, ..., B, be n arbitrary constants. Then the functions

yi:yi<x7a17"'705n7ﬁ17"'76n>

defined by the relations:

0
ST, Y1,y Yny A1y ey ) = By fori=1,2,....n
(‘30@

together with the functions:

D = 5 ST, Y1y ey Yny ALy - ey Q)

i
with y; given above, will constitute a general solution of the Hamilton system.:

dyi_dH dpl_ 6HZ,_12 .
de  dp;’ dy oy, 7

Proof. Recall that:
3(55>_ 82S+n 025%
dr Oy’ Oxday — OyrOay; dx

As in the previous theorem, we also have:

oOH 0%*S
Z from the H-J equation

3x80¢2 Opy, OyrOay;
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Therefore:

2(85)_n 0°S (dye OH
de 0oy’ - OyrOa; \ dxr  Opy
But since 9
aaiS(x,yl,...,yn,ozl,...,ozn):61», fori=1,2,...,n
o o 05
ﬁ(aai):0forz:1,2,...,n
Thus we must have: p 1H
Yi .
i~ dp, fori=1,2,...,n

Now for the other, first note that:
dpi_i(aS)_ 0?8 n " 078 dyy
de  dx Ay; N 0x0y; pet Oyr0y; dx
028 " 0%S dH dy.  dH

+3 T e =
Oxdy; = Oyrdy: dpi dr  dpy

In short:
dp; 0928 " 0°S dH
Pi_ 92 + — (10)
de  Oxdy; 1 AyxOy; dpy,
On the other hand, partial derivative of H-J equation ‘g—i = —H(z,y, ?)_}j> wrt y; gives:
9*S  O0H ~~dH S
0xdy; Oy = dpy Iypy;
Or equivalently:
H dH 0%*S
-3 DI (1)
Iy &”cayz dpx, OyrOyi
Comparing the equation and give:
dy; N Yi
And we have shown both parts. n

1.6.3 A summary of different formulations of variational problem (1 un-
known function)

There are 3 ways:

1. E-L equations: which is a second order DEs, given by:



2. The Hamilton’s equations: first order DEs:

dy _ 0H
dr ~— Op
dp __ OH

de — 9y

3. The Hamilton-Jacobi equation, which is first order non-linear PDE:

oS oS
% - —H(I‘, Y, a_y)

Example 56. Recall an earlier example, J[y] = fab(y’ V2d.

1. The H-J equation: In this example we have F' = (y/)* and H = ;p?. Also recall
that this example has the H-J equation:

95 1,05,
9 Tl =0

Let’s solve for y in this H-J equation. Recall earlier a result that: if %—IZ = 0, then
S(z,y) = So(y) — ax. Applying the H-J equation to this we get:

—a+ 1 (SH(w))* =0
(S5(y))* = 4a
So(y) = £2v/a
So(y) = £2v/ay , use separable technique

Take the plus case:

Then since 95
— =p=p=2/a
dy
And: 59 L1
J— 2—— j— e =
i A B =1y =+ar++ap
2. E-L equation:
d
Fy — %Fy/ - 0

This gives
YV '=0=y=mx+b

3. Hamilton’s equation:

1
H=—F+py =p°

Then:
dy _OH _1
dr 8p_2p
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This gives

1
= - d
Y 2p:c +
In addition, the second part of Hamilton equation:
dp  OH 0
de Oy

This gives p = ¢, a constant. Hence our solution is

1
= — d
Y 2cm—l—

2 Discrete dynamical systems

2.1 Day 7: Dynamical system
2.1.1 Introduction: Dynamical system definitions

We begin with some elementary property of homeomorphism function.

Definition 57 (homeomorphism). Let I and J be intervals and f : I — J. The function
f(x) is a homeomorphism if f(x) is one-to-one, onto, and continuous, and f~!(z) is also
continuous.

Definition 58 (C"-diffecomorphism). Let f : I — J. The function f(x) is a C"-
diffeomorphism if f(x) is a C"-homeomorphism such that f~!(x) is also C".

Example 59.
L. tanx : (=%, %) — R. This function is homeomorphism and also C*°-diffeomorphism.

2. f(z) = 2° : R — R is homeomorphism. It is not a diffeomorphism as f~!(z) = z1/3.
And so (f71(z)) = %x’%. Then (f~1)'(0) does not exists.

Remark 60. If f(z) is a homeomorphism from R — R, then f is strictly monotonic.
The proof is HW.

Definition 61 (Dynamic). Dynamic means evolves with time.

Definition 62 (Discrete Dynamical system). Discrete dynamical system occurs when
time is considered to be discrete rather than continuous. A 1-dimension discrete time
system has the form:

Tpi1 = F(x,) forn=0,1,2,... with zy given.
Example 63. We will discuss these models in detail later:

1. Logistic (growth) model

_ F(=a)
F'(zy)

2. Newton’s method: z,11 = z,
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Example 64 (Logistic Model). Let p be the population size. The natural growth is that:

dp
g
at P
where the k depends on p as well, and can be written as k(p) = a —bp for a,b > 0. Then:
P _ 1oy = (a - bp)p = ap — bp?
= = k(p)p = (a—bp)p = ap = bp

As an exercise, we can solve this system analytically:

% = k(p)p = (a — bp)p = ap — bp?
p(0) = po

Example 65 (Logistic growth - Euler’'s method). We consider a set of discrete time
{to,t1,. . tn,...} where t, =to+nh (ort, =t, 1+ h). We also set py = p(ty). We then
can try to approximate p(t) at time ¢; using Euler’s method (writing p, = p(t,)):

dp(tn) _ Prsr —Pn

dt = h(thrl — tn) = pn(a - bpn)

Multiply it all out we get:
Pa+1 = Pa + (apy — bpp )l

If we define F'(p) = p + (ap — bp?)h, then we have a discrete system p, 1 = F(p,). This
is a good time to first see the idea of canonical form of logistic growth:

Pot1 = pu(l + ah) — p;bh
Letting » = 1 + ah and s = bh, we have:
Pot1 = TPn — 5P}
And if we let x,, = 2p, we get the canonical form:

Tpr1 = 1x,(1 — )

2.1.2 Fixed points and orbits

Definition 66. We have these important related definitions in studying a discrete dy-
namical system:

1. Let x,,41 = F(z,) be a discrete dynamical system.

2. The {zg,x1,...} is called the trajectory of the system.

3. The function F' that gives such system are called mapping or map.
4. The forward orbit of x is another name for the trajectory, denoted:

Of(x) = {z, F(x), F*(z),...}

5. If F'is a homeomorphism, then the backward orbit of x is

Op(z) = {z, F ' (z), F*(x),...}
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6. the orbit of z is O(z) := Ot UO~
7. z is a fixed point of F' if F(z) = x.

8. A point z is periodic if there exists a n such that F"(x) = x. The prime period
of z is defined to be the smallest such n.

9. As a notation, we denote: Per, (F) = {F"(x) =z} and Fix(F') = Pery(F).

Example 67. For F(r) =1 — 2?. What is Fix(F)?

r=1—zx
P rr—1=

1 V5

e

TTTe T
Therefore \/_ \/_
1 5 1 5
Fix(F)=4{—+ — —— — —

What are the periodic points of period 27

T =F(F(z) =1 - (F(x))?
=1—(1—(1—a%)?

=222 — 2t
Therefore we solve:
r = 22% — gt

(2 —22+1)=0

z(z—1)(2*+1—-1)=0
1 5
r=0,1,—= =+ £
2 2

Check = 0, F(0) = 1 and 2 = 1, F(1) = 0. We also observe that: if z* = —1 + \/75
satisfies z* = F(z*), then F(z*) = F(F(z*)) = F?*(2*). In order words, if z* = F(z*),
then z* = F?(x*). (A fixed point will also be a periodic n-point).

Question 68. Will we always be able to find fixed point?

Proposition 69. Let I = [a,b] be an interval and f : [ — J be continuous. Then f has
at least one fixed point in I.

Proof. Let g(z) = f(z) — . Then g(x) is also continuous on I. Suppose f(a) > a and
f(b) < b (otherwise, one of a or b is fixed and we are done). Then g(a) = f(a) —a >0
and g(b) = f(b) — b < 0. From IVT, there exists a ¢ between a and b such that g(c) = 0.
Then at ¢, f(¢) = ¢ so f has at least one fixed point in . O

Definition 70 (eventually periodic). A point z is eventually periodic of period n if
x is not periodic but there exists m > 0 such that F""(z) = F*(x) for all i > m. That
is, F'(x) is periodic for i > m.
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Example 71. The function f(z) = z? has fixed points z = 0,1 satisfying 22 = z. In
addition, when z = —1, f(—1) =1 so —1 is eventually fixed.

Example 72. Let S* denote the unit circle on the plane. We denote a point by its angle
0 measured in radians. Let f(0) = 20. Then we see that f(0+27) = f(6) on the circle so
the map is well-defined. Note also that f™(f) = 2"0. We see that: 6 is periodic of period
n iff 2"0 = 0 + 2kn for some integer k,i.e., iff 6 = 22nk_7r1 where 0 < k£ < 2" is an integer. In

conclusion: f(0) = 0 is fixed. If § = 2%, then f"(#) = 2k so that § is eventually fixed.

Remark 73. Eventually periodic points cannot occur if the map is a homeomorphism.

2.2 Day 8: fixed point analysis
2.2.1 Asymptotic definition
Definition 74 (forward asymptotic). A point z is forward asymptotic to p if
|[f'(2) = f'(p)| = 0 as i — o0
Definition 75 (backward asymptotic). A point = is backward asymptotic to p if
[f7(x) = [T (p)] = 0 as i — o0

Definition 76 (forward asymptotic and backward asymptotic of periodic point). Let p
be a periodic of period n.

A point x is forward asymptotic to p if lim;_,o, F™(x) = p.

The stable set of p is:

W?(p) :={q : q is forward asymptotic to p}

If F' is invertible, then z is backward asymptotic of p if lim; ,., F'~"(x) = p.
The unstable set of p is:

W (p) :={q : q is backward asymptotic to p}

Example 77. Let f(z) = 23. then f~'(z) = 23. The fixed points of f are 23 = z so
x =0,x1. We get:
W (0) = (-1,1)

since for all y € (—1,1): the limit lim; o, f(y) = lim; o, y* = 0.
And:
W*(1) = positive real axis

since for all y in positive real axis, the limit: lim; .o, f~*(y) = lim; ys = 1, and:
W*(—1) = negative real axis
since for all y in negative real axis, the limit: lim; .. f~*(y) = lim;_o y% = —1.

Definition 78 (critical point). A point z is a critical point of F' if F'(z) = 0. The
critical point is non-degenerate if F”(x) # 0, and is degenerate otherwise.

Example 79. We see some examples:

1. For F(z) = 22, then F'(x) = 2z, so F'(x) = 0 when x = 0. So x = 0 is a critical
point. In addition, F”(z) = 2 # 0, so 0 is a non-degenerate critical point.

2. F(z) =a™ If n > 2, then F(z) has a degenerate critical point at = 0.
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Figure 9: Phase Portrait f(z) = —x
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Figure 10: Phase Portrait f(z) = 2z

2.2.2 Phase portrait and Cobweb diagram

Definition 80 (Phase Portrait). The Phase Portrait is a picture on the real line of all
the orbits (recall orbit is the union of forward orbit {x, F(x), F?(z),...} and backward
orbit {z, F~(z),...}).

Example 81. See figure (9) for f(z) = —z and figure for f(z) = 2x.

Definition 82 (Cobweb diagram). Starting from an initial point x(, draw a vertical line
up to f(zo). From this point, draw a horizontal line either left or right to join the diagonal
y = x. The z-coordinate is x; = f(x¢). From the point (z1, f(z¢)) draw a vertical line
up or down to join F(z), then draw a horizontal line to the diagonal, etc... See figure

for pictorial.

Example 83. Consider z,,1 = \/z,. The fixed points are vz* = z* gives x* = 0,
See for Cobweb diagram. Observe that z,, — 1 as n — oo, when zy € (0,1). And
similarly x,, — 1 as n — oo, when zy € (1,00). So the convergence is monotonic.

Example 84. Consider f(z) = cosz S0 Tp41 = COST,. See for Cobweb diagram. In
this case we see that xy converges to z* through damped oscillations.

,ah.&, -Poﬁrm i

Figure 11: Cobweb and phase portrait
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Figure 12: Cobweb and phase portrait for x,.1 = /7,

Figure 13: Cobweb and phase portrait for x,,1 = cos(x,,)
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2.2.3 Linear stability analysis (of fixed point)

Consider x,,+1 = F(z,). Then z* is a fixed point of map if 2* = F(z*). Consider a nearby
orbit x,, = x* 4+ y, where 3, < 1. Does the derivation ¥, grow or decay as n increases?.
Using linear approximation, we have:

Tnpr = 2"+ Yoar = F(2" + yn) = F(2") + F'(@")yn + Oly,)
Now since F(z*) = z*, we have y,.1 = F'(2*)y,. Therefore we get:
Yn = (F'(2)"yo

If we define A\ = F’(2*) as the multiplier of z*, we have the following cases (the first
three cases is called hyperbolic):

1. |A| < 1: Then z* is an attractor (stable).

2. |A] > 1: Then z* is a repeller (unstable).
3. A =0, z* is called superstable (because y,, ~ 32")
4. |A\] = 1. Then the stability cannot be determined by linearization. We need to

consider higher order term. This is non-hyperbolic.

Example 85. Let F(z) = £(2® + z). the fixed points are 2* = z so z* = 0, £1. Now

F'(x) = %(3:[:2 +1)

So .
F =—-<1
0)=3<

and
Fl(+)=2>1
Therefore 0 is stable and +1 are unstable. See for the Cobweb diagram of this.

Example 86. Let F(#) = 6 + esin(26) for 0 < ¢ < 3. Then the fixed points are when
sin(26) = 0, that is, § = 0, 2, 7,22, Then:

F'(0) =1+ 2¢ cos(20)

Then:
F'(0) = F'(m) =1+ 2e > 1: repelling fixed points
3
F'(g) = F'(g) =1-—2e < 1: attracting fixed points

See for Phase Portrait.

Proposition 87. Suppose F is C1'. Let p be a hyperbolic fixed point with |F'(p)| < 1.
Then there is an open interval U around p such that if x € U, then:

lim F*(z) =p

k—o0
That is, U C W*(p).

Proposition 88. Let p be a hyperbolic fixed point with |F’(p)| > 1, then there is an open
interval U of p such that, if x € U, o # p, then there exists k > 0 such that F*(z) € U.
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Figure 14: Cobweb and phase portrait for F(z) = 1 (2% + z)

Phase portrait

Figure 15: Phase portrait for F'(f) = 6 4 ¢ sin(20)
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Figure 16: Cobweb for F(z) = —3(2® + )

2.2.4 Stability of periodic points

Definition 89. Let p be a periodic point of prime period n. (Recall a prime period is
the smallest n such that F™(p) = p). The point p is hyperbolic if |(F") (p)| # 1. The
number (F™)'(p) is called the multiplier of the periodic point.

1. If |(F™)'(p)| < 1, then p is called an attractor period point (attractor, sink)

2. If [(F™)(p)| > 1, then p is called a repelling period point (repellor, source)

Example 90. Consider F(z) = —3(2® + z). The fixed points are 2° = =3z, so 2* = 0.
In addition, F(—1) =1 and F(1) = —1, therefore +1 lie on a periodic orbit of period 2.

1. For the fixed point 0, we get F'(z) = —1(322 + 1) so F'(0) = —1. So 0 is a stable
(hyperbolic).

2. For the period-2 points £1, we get:
(F?(£1)) = (F(F(£1)) = F(F(£1))F'(£1) = F'(-1)F'(1) = (-2)(-2) =4 > 1
So +1 are periodic points unstable (and hyperbolic).
See for the Cobweb of fixed point z*. Note that when 0 < F'(2*) < 1, it is monotonic.
And when —1 < F'(z*) < 0, it is spiral.
Remark 91. Suppose {p1,...,pn} is a cycle of period n,i.e., F(p1) = p2, F(p2) = ps,. . -,
F(pn) = p1-

1. Then each p; is a fixed point of the n — th iterate: F™(p;) = p;. To analyze the
stability of a cycle, we can reduce the problem to a question about the stability of
a fixed point. Stability of the cycle {p}?_, = stability of A = L (F"(z))
T=Pi
2. Note that:
d _
T (FN) i) = (FY) () = (F(F*7)) (pi)
= F'(EY " (p))(EN Y (pi) = F'(EY " (p)) ' (FY 2 (pi) - - F' (pi)
= F/(pN)F/(pN—l) e F/(Pll

-~

N
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Figure 17: Cobweb for F'(z) = x + 3 - repelling non-hyperbolic at 0
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We would like to see next some non-hyperbolic points example.

Example 92. Consider the function F(x) = z + x*. Then F'(x) = 1 + 3x2. Therefore
at x = 0, F'(0) = 1 and 0 is a non-hyperbolic point of this function. The Cobweb and
phase portrait in figure shows that 0 is a repelling case.

Example 93. Consider F(z) = x — 2. Then F'(z) = 1 — 32?. 0 is a fixed point with
F(0) =0 and F’'(0) = 1, so 0 is a non-hyperbolic fixed point. The Cobweb diagram and
phase portrait in figure show that in this case, 0 is an attractor.

Example 94. Consider F(z) = z + 2% Then F'(x) = 1 + 2z. Again, 0 is a fixed point
since F'(0) — 0, but it is non-hyperbolic since F’(0) = 1. The Cobweb and Phase Portrait
diagram in figure showed this point is "attracting” on the left but ”"repelling” on the
right.

2.3 Day 9
2.3.1 Bifurcation

Definition 95 (bifurcation definition). As we have seen in the Phase portrait, the dy-
namic of this is very limited, either settle down to equilibrium (stable) or go out to +oc.
What is interesting about this then? It is the dependence on parameter: the qualita-
tive structure of the dynamical system can change as the parameter varies. For instance,
fixed points can be created or destroyed, or their stability can be changed. These quali-
tative change in a dynamic system is called bifurcation. The parameter values at which
they occur are called bifurcation points.
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Figure 18: Cobweb for F'(z) = x — 23 - attractor non-hyperbolic at 0
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Figure 19: Cobweb for F(z) = x + 2% - both attractor and repellor non-hyperbolic at 0
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Figure 20: The three cases depends on parameter ¢ for F(z) = ¢+ x — 22

Example 96. Now we introduce parameter ¢ with function z,,; = F(z,) = c+z, — 22.
Their fixed points are ¢ — 22 = 0 so x = £4/c. We have the following cases depend on
values c:

1. ¢ < 0: no fixed point
2. ¢ = 0 unique non-hyperbolic fixed point x = 0.
3. ¢ > 0: a pair of fixed points, one attracting and one repelling.

We say that the map undergoes a bifurcation as ¢ increases through 0. See figure
for the three cases. However, we have another way of describing this situation, using a
bifurcation diagram: a plot of location of fixed points using parameter value c. In this
particular example, we see a situation of a saddle node bifurcation (sometimes called
tangent bifurcation). See figure for a pictorial.
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Figure 21: The saddle node bifurcaion parameter ¢ for F(r) = ¢ + x — z?

Definition 97 (saddle node bifurcation). Fixed points can be created or destroyed. As
a parameter varies, the two fixed point move toward each other, collide, and
mutually annihilate. The dash-line usually represent unstable fixed point, while the
solid line represent stable fixed point. One of the axis will be the parameter.

Definition 98 (Transcritical bifurcation). There are situations in which a fixed point
(or more) must exists for all values of parameters and can never be destroyed. However,
such a fixed point may change its stability when parameter varies.

Example 99. Consider x,,1 = F(z,) = (1 + ¢)x, — 22. The fixed points satisfying
r = (1 + ¢)x — 2%, that is, z(c — ) = 0. There are always 2 fixed points: x* = 0, c. Dee
figure for graph. The corresponding multiplier is F'(0) = 1+ ¢ and F'(c) = 1 — ¢.
Then we have these cases (note that we always have 2 fixed points):

1. When ¢ > 0: the zx = 0 is unstable (since F'(0) = 1+ ¢ > 1 while the z* = ¢ is
stable (since F'(c) =1—c< 1.

2. when ¢ < 0: the z* = 0 is stable (since F'(0) = 1+ ¢ < 1 while the z* = ¢ is
unstable (since F'(¢) =1—c> 1.

See figure for a transcritical bifurcation diagram.

Definition 100 (pitchfork bifurcation). This type of bifurcation usually happens in a
(physical) system that have a symmetry. There are 2 types: supercritical pitchfork
bifurcation (think of this like creating more stable) and subcritical pitchfork bifur-
cation ( think of this like more unstable).

Example 101. Consider z,11 = F(z,) = (1 + ¢)z,, — 3. Then the fixed points are
z(c — 2?) = 0. Note that F'(z) = 1+ ¢ — 322 Now it depends on the value ¢ that we
have 3 cases (see figure for function picture):

1. When ¢ < 0, we only have single fixed point z* = 0 and this fixed point is stable.
2. When ¢ = 0: also only 1 fixed point, but the fixed point is non-hyperbolic. This

case it is tangential.
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Figure 22: The graph of F'(z) which shows 2 fixed points for both cases of ¢ > 0 and
c<0

=0

Figure 23: Transcritical bifurcation diagram

4=x Y=x

cz0O

<0

c7zo-

Figure 24: Three cases ¢ < 0, c=0and ¢ > 0 of F(x) = (1+c¢)z — 23

49



X<le

~ Yo

Xz -Je.

Figure 25: Supercritical pitchfork bifurcation diagram
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Figure 26: Subcritical pitchfork bifurcation diagram

3. When ¢ > 0, we have three fixed points 2* = 0, ++/c. The x* = 0 is unstable while
the +4/c are stable.

And we also have the supercritical pitchfork bifurcation diagram (as we have after
¢ = 0, we created more stable fixed points (2) than unstable fixed point (1)). See figure

for pictorial.

Example 102. Take F(x) = (1+c¢)z+>. In this case we will have an example pictorial
of a subcritical pitchfork bifurcation. We have more unstable fixed points than stable
fixed points.We started with 1 unstable fixed point, then when ¢ > 0, we created 2
unstable fixed points and 1 stable fixed point. See figure for pictorial.

2.4 Day 10: Logistic Map analysis

In a paper in 1976, Robert May introduced that even simple non-linear maps could have
very complicated dynamic. He gave example of logistic map

Definition 103 (Logistic map). The map F(x) = rz(1 — x) is called the logistic map.
We consider 41 = F(x,) and will try to find fixed point for this.

Now let us begin the analysis of this map. First note that this map is a parabola with
max at r = % because:
F'(z) =r—2rz =r(1 —2z)

In addition, Note that the maximum value is F(3) = %. In addition, if we restrict our
domain such that z € [0, 1], we get that F(z) = ra(l —x) > 0 given that r > 0. If we
also want F'(x) <1 for all x € [01,], we would require the max value of F' which is § <1,

so r < 4. Thus we have 0 < r < 4. See figure for picture of logistic map.
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Figure 27: logistic map F'(z) = rz(1 — x)

Now let’s analyze the fixed points of F'(z). That is, we need:

re(l —x)=x
re’ —re+x=0
z(re —r+1)=0

We got two values:
1. 27 = 0 will be a fixed point for all value r.
2. 25=1— % is a fixed point only if r > 1.
Next we consider the linear stability of fixed points:
F'(z) =r(1—2)+rx(-1) = r(—2x)

Recalled the multiplier A = [F'(2*)]. So we have for each of the fixed point above these
cases:

1. For 21 =0: F'(0) =7. So

(a) If 0 <r < 1: 0 is a stable fixed point.
(b) If » = 1: inconclusive

(c) If » > 1: 0 is unstable.
2. For the 23 =1—1: we get F'(z3) =r(1—2(1—1)) =2—r. So we get these cases:

(a) If 0 < r < 1: unstable (but then =} < 0, so we really don’t have a fixed point
in our domain)

51



B;W‘h Y<3, inGm cbusfu-!. .

o M T3 sl
A
v Ius r

—trowm o iticed bafb.w.‘u—« At T=|

Figure 28: transcritical bifurcation at r =1

slope=—1
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Figure 29: Cobweb shows periodic-2 cycle when r > 3

(b)
()
(d)

)

(e) r> 3: unstable

r = 1: inconclusive
1 < r < 3: stable (since |F'(z})] < 1)

r = 3: inconclusive

Based on this analysis, we have a situation of transcritical bifurcation diagram at

r =1 in figure :

Now the interesting cases happen when r passes 3, then F’(x3) will pass through —1. It’s
interesting from numerical testing value of r we see there is some periodic-2 cycle orbit
in the original system (see figure and see that there is a return of z,, that eventually
hit the line y = x).

So it’s natural to look for these period-2 points. That is, we look for p,q such that
F(p) = q and F(q) = p. In fact, this mean we are looking for fixed point p such that
F?(p) = p. see figure (30]), we are looking for the two red dots in that figure.
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Figure 30: Graph of F%(p) = p for logistic map

To do this, we need to find F?(x):

F(z) = F(F(x)) =r [F(z)(1 - F())]
r?r(1 —2)(1 —rz + ra?)
So now we set
FX(z) ==z
r*r(l—2)(1—rz+ra®) =x

Note that z* = 0,1 — 1 (the fixed points) are both roots of F*(z) = x. To find the other
roots, we consider:

rPl—2)1—re+r2*)—1=0
3 — 2?4+ 7’2(7’ + 1)$ —r*4+1=0

In order for z* =1— % to be a root of the above equation, we must have rz —r + 1 divide
the polynomials. We use long division and get:

re? =20 + ¥ (r+ D —r+ 1= (re —r+ 1)(r*2® — (P +r)z + (r+ 1))

Therefore our roots will be the root of r2x* — (r? + r)z + (r + 1):

() 22+ — 42 (r + 1)) _rtlE/(r=3)(r+1)
2r

272
So our
1+ =3)(r+1) 1- — 1
_rtl+ VI =3)r+ )q:TJF (r=3)(r + )existswhenr>3
2r 2r
When r = 3:

r+1 4 2 ] 1 .
= = = —_-= = == — — =X
P=i="5" 7673 3

Therefore, we get that when r — 3%, the p,q — x3. And at r = 3, a period-2 cycle

appears.

Example 104. Verify that F(p) = q and F(q) = p where the p and ¢ are as above.
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2.4.1 More on logistic map

Remark 105. The linear stability of the period-2 cycle can help gain more insights into
stability of other cycle periodic points.

Remark 106. A strategy that is worth remembering: to analyze the stability of a cycle,
we reduce the problem to the question about the stability of a fixed point: The p and ¢
which are the 2-cycle are the fixed points of the second-iterate map F?(z) = z.

Recall last time p and ¢ are periodic-2 cycle points of the logistic map, i.e., they are
the roots of F?(z) = x. Let’s look at their linear stability by looking at the multiplier
(recall F(z) =rz(l —x) and F'(z) = r(1 — 2z)):

d

A= ()

vmp AT

= F/(F(x))F'(x)

=F'(q)F'(p) = 7“(1_— 2q)r(1 — 2p) = r*(1 = 2(p + q) + 4pq)

Since p, ¢ are roots of r’z? — (r* +r)z + (r+1) = 0, we get (compare with the completed
factor out (z — p)(z — q) = 2> — (p+ @)z + pq):

r? r+1
pta=—s3 , and pg = 2

Therefore our multiplier is:

2
1
)\:r2(1—2r +7“+47"+ Y= —r?4+2r+4
2 2

Hence the stability of the 2-cycle is determined by A = —r? 4 2r + 4.

Note that when r = 3, the multiplier A = —32 4+ 2.3 +4 = 1 is a possible bifurca-
tion. Because % = —2r +2 < 0 when r > 3, we see that when r 1, then A |.

The next possible bifurcation point is at A = —1. That is —r? +2r +4 = —1. And we
solve this and get r2—3r—5=0sor = 14+/6 (note that we did not take r = 1—v6 < 0).
Therefore the 2-cycle is (linearly) stable when 3 < r < 1 + /6 (since the A |, so A < 1
when 7 is in this range). At r = 1+ /6, the 2-cycle loses its stability to the creation of a
4-cycle. This is because for r > 1 + /6, F? has a 2-cycle, therefore F has a 4-cycle. See
figure for bifurcation diagram.

Numerical experiments reveal the following periodic-doubling cascade:

1. For r; = 3 and 7 = 1 4+ v/6 ~ 3.449: stable 2-cycle for ry < r <.

[\)

. 13 ~ 3.54409: Stable 22-cycle for 7y < 1r < 13
3. 14 ~ 3.5644: Stable 23-cycle for r5 < r < 1y
4. 75 = 3.568759: Stable 2*-cycle for r4 < r < 15

Do .
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Figure 32: What happens after r,

We have stable 2™ cycle for r,, < r < r,,.1. Note successive bifurcation comes faster and
faster and that:
lim r,, = ro ~ 3.569446

m—o0

The distance between successive transitions shrinks by a constant factor called the Feigen-
baum constant:
s= lim Tl oy 669
m—00 Tm+1 — Tm

What happens after r = r,,7 See figure . This figure has an interesting mixture of
order and chaos, with periodic windows interspersed between chaotic clouds of dots. The
large window beginning near r ~ 3.83 contains a stable period-3 cycle. A blown-up of
part of the periodic-3 window is shown in the right part of this figure. Interestingly. we

see that a copy of the orbit diagram reappear in miniature.

2.4.2 Lyapunov exponent

Definition 107 (chaotic). To be called chaotic, a system should show sensitivity depen-
dence on initial conditions, in the sense that neighboring orbits separate exponentially
fast.
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Let us consider two nearby initial points zo and xg + Sp, initial separation Sy is
extremely small. We called S,, separation after n iterations.

Definition 108 (Lyapunov exponent). If |S,| ~ |Sp|e*”, then A is called the Lyapunov
exponent. In addition, if A > 0, this is a sign of chaos.

Remark 109. We will now begin to derive the formula for Lyapunov exponent J;.

Consider x,1 = F(z,). Consider 2 nearby points z and 7o, with Sy = £y — x¢ and
|So| is small. The two corresponding orbits are: {x,} and {z,}. We define:

Sy = &p — xp, = F*(2y) — F™(x0) = F"(z0 + So) — F™ (o) , since |Sp| < 1

d

dx 50

T=x0

By using the chain rule, we get:

d
iy Al
dx (%)

Therefore

Now taking natural log give:

1
—1In
n

Sn
So

1 & 1<
=—11 Fl(z))| | = - "(z;
(D@l = 5 SomiF )
=0 =0
So the Lyapunov exponent for the orbit starting at z is:

Sn
So

1
A= lim —In
n—oo N,

1 n
lim — In|F'(x;)|, if the limit exist
1r£10n; n |F'(x;)|, if the limit exists

n—

Remark 110. We observe the following;:
1. A depends on zq
2. For stable fixed points and cycles, A is negative
3. for chaos, A is positive.

Example 111. Suppose that F has a stable p-cycle containting the point xy. Show that
the Lyapunov exponent A < 0. If the cycle is superstable, show that A = —co. We
showed it as follow:

Since x is in the p— cycle, so xy is a fixed point of F?. The cycle is stable so |(F?)'(xg)| <
1. Then taking natural log we get In |[(F7)'(z()| < Inl = 0. Then for p-cycle:

n—1 p—1
. 1 / 1 /
\ = nh—{goﬁ E In |F'(z;)] = 5 ;:0 In |F'(x;)]

=0
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Figure 33: Tent Map

Now note that:

1%~
—Zln|F’(:p, ln H|F’ x)]) = —1n|(Fp)(x0| <0
P

So A <O.

If the cycle is superstable (recall a fixed point z* is superstable if |F'(z*)| = 0), so
|-<L FP(39)] = 0. So A = 1ln(0) —00.

Example 112 (Tent map). Find the Lyapunov exponent for the tent map z,; = F(x,)
where (r > 0):

2 fo<z<

Fla)=1." N

2r(l—z) if5;<zx<

See the figure for Tent map picture. We get the derivative:

1
Fl(z) = 2r 1f?§x§§
—2r if ;<x<1
For a typical orbit {xg, 21, ...}, we calculate:
o /
)\—nlggonZIMF xﬂ-lg&nzmw 2r)

Thus we have the cases:

LIf2r <lorr < %, then \; < 0 so there is no sensitive dependence on initial
condition.

2.if2r>1,0orr> %, then A; > 0 so sensitive dependence on initial condition (which
mean possible chaos).

There are the Cobweb diagram when r = % in figure |}
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Figure 34: Cobweb for tent map with r
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Figure 35: Lyapunov exponent for logistic map

Example 113. Find the Lyapunov exponent for the logistic map numerically.

See figure for the diagram. To do this numerically, first we fix some value of r.
Then starting from a random initial condition, iterate the map long enough to allow
transients to decay, say 300 iterates or so. Then we compute a large number of additional
iterates, say 10, 000. You only need to store the current value of x,, not all the previous
iterates. Then you compute In(F'(z,)) = In|r — 2rx,| and add it to the sum of the
previous logarithm. The Liapunov exponent is then obtained by dividing the total by
10,000. Repeat this procedure for the next random r. The A remains negative for
r < ro ~ 3.57, and get to zero at the periodic-doubling bifurcation. Note that the
negative spikes correspond to the 2"-cycle. The onset of chaos is visible near r &~ 3.57
where the A first become positive. For r > 3.57, note that the Liapunov exponent
generally increases, except for the dips caused by windows of periodic. The large dip is
due to period-3 windows near 3.83. In fact, from previous example, we should get at
all the dips, A = —o0, because superstable is guaranteed to occur somewhere near the
middle of each dip.

2.5 Day 11:

2.5.1 Topology conjugacy

Definition 114 (Topological conjugacy). Let f: I — [ and g : J — J be two maps. f
and g are said to be topological conjugacy if there exists a homeomorphism h : I — J
such that ho f = g o h. The homeomorphism £ is called the topological conjugacy.

Remark 115. Maps that are topologically conjugagte are completely equivament in
terms of their dynamics. This is because if ho f = go h, and let p be a fixed point of f,
so f(p) = p, then h(p) is a fixed point of g(z): g(h(p)) = h(f(p)) = h(p). Therefore the
map h : Per,(f) — Per,(g) is a 1 — 1 correspondence.
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Figure 36: Unimodal sine function rsin(mx)

Example 116. Show that the tent map with » = 1 and the logistic map with r = 4 are
conjugate to each other. Recall the tent map when r =1 is

2x o<
T@):{ﬂl—x) if 1 <

And the logistic map when r = 4 is F(z) =
h(z) = 5(1 — cosmz). Note that h : [0,1] — [0,
z € (0,3 we have:

1
TSy
r<1

/\/\

4x(1 — x). The conjugacy function is
1] and is a homeomorphism. Then for

hT(z)) = %(1 — cos(m21)) = sin®*(7z) = 1 — cos*(7x)

= (1 — cos(mz))(1 4 cos(mx))
= 4(% - %cos(wx))(% + %cos(m;))

= 4h(z)(1 - h(z)) = F(h(z))

2.5.2 Universality

This idea is best illustrative via example. Consider the trigonometric function =, =
rsin(rz,) for r € [0,1] and z € [0,1]. The illustrative picture is in figure (36). It has
the same shape as the logistic map, and these shape are called unimodal. It is suprising
that the dynamical of this map and the logistic map are identical.

Recall the logistic map F' = 4z(1 —z). The fixed points are 4z(1 —z) = z so z = 0, 3.
The periodic-2 cycle are F(F(z)) = 0 and earlier we solve and get 22 fixed points of this,
with the extra are %5 For the period-3 cycle, we also get 23 = 8 fixed points: 2 fixed
points of F(z), and 2 periodic 2 cycle, and 2 period-3 cycle (see figure (37))). In general,
F* has 2* fixed points in [0, 1]. For every positive integer k, there is an orbit of period-k.
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Figure 37: period-3 cycle for logistic map 4z(1 — x)

2.5.3 Itinerary

For the logistic map with z € [0, 1], consider L = [0, 3] and R = [3,1].Consider an intial
point zy. Construct a trajectory/orbit starting from z,, and we can also construct the

itinerary by listing the symbols, corresponding to each element in the orbit:

orbit xg 1 Ty o3 )
itinerarty L R L R R

Example 117. For zy = %‘ and ,41 = 4z, (1 — x,):
s of1 3 3

The orbit is {Z’Z’Z’} o

The itinerary is {L, R, R,...} = LR.

When zy = % we have:

The orbit is {3, 3,22,...}

The itinerary is {L, R, L, .. .}.

Special case when xg = % we have the orbit is {%, 1,0,0,0,0,...} and the itinerary is RRL
or LRL, since the L and R overlap at % With the exception of this case, the itinerary is

always uniquely defined.
Question 118. What is the set of points whose itinerary begins with LR, RL?

Example 119. When zg = % then it lies in LRR.
When zy = % then it lies in LRL.

We can count the number of R in the sequence:
odd: ....R, ....L

even: ...L, ...R

The image of each interval L and R contains both L and R, so the transition map
(see figure ) is fully connected (every symbol is connected to every other symbol by
an arrow). So all possible sequence of L and R are possible.

We use itinerary to understand the sensitivity dependence on initial condition (for exam-
ple, in the case logistic map with r = 4).

In specifying the first & symbols of the itinerary, we have 2¥ choices. We have 2 * k
subintervals. It can be proved that each subinterval has size less than 7.

Consider an interval I corresponding to S155...Sk for S; € {L, R}. I is an interval of
length < 54r. These are four subintervals of I:

1. 51...5:LL
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Figure 38: Itinerary counting
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Figure 39: transient map

2.51...5:LR
3. S1...SkRL
4. 51...SkRR

This is because when we choose one point from each subinterval, 4 initial conditions,
distance < 5%7. They are mapped to LL,LR,RL,RR, at least i apart. So the sensitive

dependence on initial condition.

2.6 Day 12: Stability of higher dimension
2.6.1 Maps of higher dimension

Consider an} = ?(1‘_)”) m-dimensional case. In which we have:

-— T
Tp41 = (xlnu Lony - - - axmn)

and
F = (F,F... Fp)’

The fixed point is

where:

The fixed points ?(7) = 7 so:

1
T =
2
15
2y — —axd =y

8

—

This give T = (8) is a (only) fixed point. That is ?(6)) =0.

Example 121 (Horseshoe map). See picture figure (40)).

63



@ (® © @
FIGURE 1.6. Construction of the horseshoe map.

Figure 40: horseshoe map

Example 122 (Henon map). Consider

@ ZT(?j) _ (a—x;+by)

We denote x, 1 = a — 22 + by, and 4,1 = x,,. What is the fixed point of this map? We
set:
a—1*+by=ux
r=1y
And solve we get:
a—1°+br=x
>+ (1—-br—a=0
—(1=0b) /(1 —-0)2+4a
2
And the fixed points exists only if (1 — b)* + 4a > 0.

xr =

Question 123. How to find fixed points of the n-th iterate? ?"(7) =77

Example 124. Henon map, and we are looking for period-2 points:

{xl :a—x3+by0

Yy =2

And:

Ty =a— a2+ by
Y2 =T

Setting xo = xp and ys = yy for period-2 cycle points.
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Figure 41: When |al, |b] > 1

2.6.2 Stability of Linear map
Consider the linear maps F(7) = A7:

F(7) = A (x) _ (au a12> <x) _ (a11w+a12y)
Yy asy A/ \Yy a1% + A2y

Every linear map has a fixed point at the origin. Let’s take a look at the stability of the

AG)-060)C)

The eigenvalues are a,b assuming a # b. And the eigenvector are (1.0)” and (0,1)7. In

addition, note that:
n_ (a" 0
= (5 )

It is decoupled (a system is called decoupled if the variables do not interact with each
other, each variable can be solved for independently, without anything about the other)

Tpy1 = a"xy
Yn+1 an?h

1. When |al, |b| > 1. We pick a value for a = 2 and b = 1.5. Observe the x, 11 = a"x;
(where 27 = 1) and y,,41 = b"y; (with y; = 0), then do the same but with z; = 0
and y; = 0. Also test these when 1 = 1,y; = 1 and when z; — —1,y; = —1. See
figure for the phase portrait in 2-D.

Example 125. Consider

We observe the following cases:

2. When |al,|b| < 1. For instance, take a = 5 and b = 5. We note that when initial

points on z,y axis, it stay on x,y axis. See figure for picture.

3. When |a] > 1 > |b| or |b] > 1 > |a|. In one direction it expands, and in one direction
it contracts. See figure 1} for the case a = 2,b = 1 and see figure 1) for the
1

2
case a = 2,b = —3.
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Figure 43: When |a| < 1 < |b]

Figure 44: When [b| < 1 < |a|
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Figure 45: Spiral into the origin

a 1
=)
Then the eigenvalues is a. Then:

)6 ) () ()

will sink when |a| < 1 and will be a source when |a| > 1.

a —b
=)
The eigenvalues are a£bi and the eigenvector are (£i, 1). Change of variable r = v/a? + b?
with @ = rcos@ and b = rsin@ and @ = arctan(2), then our map is:

A:r(

b .

-2\ ;555 (cosf —sind
) =vai+h (sin@ cos@)

Ax rotates the point 7 about the origin by angle # (rotation) and multiplies the distance

by va? + b? (dilation). It will be sink when v/a? 4+ % < 1 and a source when va? + b? >

1. An example when a = 0,0 = % so ¢ = 7 will give the phase portrait as spiral into the

origin (see figure (45)) ):

Example 126. Consider

Example 127. Consider

SR

a
r

2.6.3 Stability of Non-linear map

For non-linear map, the fixed points are not necessarily at (0,0) origin. The stability of
the fixed points depends on the linearization near fixed point.
In higher dimensions, the linearization depends on the Jacobian matrix D:

F#+7) - F@) ~ DE@) .o

Definition 128 éhyperbolic fixed point). A fixed point 7 for ? : R" — R" is called
hyperbolic if D F'(p) has no eigenvalues on the unit circle, where D?(?) is the Jacobian
matrix at 7. If 7 is periodic of period n, then 7 is hyperbolic (periodic) if D?”(?)
has no eigenvalue on the unit circle.

67



Remark 129. We obersve the following:

1. For periodic points, the eigenvalues of the Jacobian matrix D?” are the same for
each point on the orbit.

2. By Chain rule we get:

DF™7)=DF(FY(7)).DF"\(7)
— DE(F"Y(7).DF(F"%(7))...DF(7)

Definition 130 (sink-source-saddle point). Let ?”(ﬁ) — 7. Then:

1. 7 is a sink (or attracting periodic point) if all of the eigenvalues of D?"(?)
are less than one in absolute value.

2. 7/ is a source (or repelling periodic point) if all of the eigenvalues of D?"(?)
are greater than one in absolute value.

3. 7 is a saddle point if some of the eigenvalues of D?”(?) are larger and some
are less than one in absolute value.

Theorem 131 (stable set/manifold and unstable set/manifold). We have these two
cases:

1. Suppose F has an attracting fized point at p. Then there is an open set about p in
which all points tend to p under forward iteration of F. The largest such open set
is called the stable set or basin of attraction of p, denoted W*(p).

2. Suppose F has a repelling fived point at p. Then there is an open set about p in
which all points tend to p under backward iteration of F'. The largest such open set
is called the stable set, denoted W*"(p).

3. saddle points? unknown

Example 132. Consider
the fixed point is

And the Jacobian matrix is:
DF

I
1
(el \V)
Ni= O

|

It has two eigen value A; = 2 and Ay = 3. So (0,0)” is a saddle point. We get the
eigenvectors as follow:

1. For A\; = 2 the eigenvector is

] = [(1)] unstable manifold
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2. For A\ = % the eigenvector is

U_2> = [(1)] stable manifold
Definition 133 (stable/unstable manifold). Recall the following:
1. The stable manifold of p is {7 : |?"(?) — 7P| = 0asn— oo}

2. The unstable manifold of p is {7 : |?_”(?) — 7P| = 0asn— oo}

Note that these are invariant sets.

X lCC
o(0) = (i)
Y 2y — ga’

Note that ?(ﬁ) — 0 and the Jacobian matrix is

pr=5

Example 134. Consider

0 2

So 0 is a saddle. We have the following:

1. The unstable manifold: the y-axis since:

g @) - (20y>

2. The stable manifold: y = 23 since:

F' is topologically conjugate to

via

Verify that F'oh = ho L. So h maps the stable/unstable subspaces from L onto the

stable /unstable manifold of F'.

Theorem 135 (stable and unstable manifold Theorem). Suppose f has a fixed point at
p. Let v® be an eigenvector corresponding to s where |s| < 1. And let v* be an eigenvector
corresponding to u with |u| > 1. Then both the stable manifold W* and the unstable
manifold W* are one dimensional manifolds that contain p. The vector v° is tangent to

W?# at p, and v" is tangent to W* at p.
Example 136. The Henon map:

)= ()

For the following values of a and b:

1. a =0 and b = 0.4 we get the fixed points (0,0) and (—0.6), (—0.6).

2. for a = 0.43 and b = 4, we get periodic-2 points
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2.6.4 Bifurcation of higher dimension

Example 137. Consider

Yn+1 = FZ(yn) = %yn

{xn+1 = Fi(z,)=r+xz, — 12
This will give saddle node bifurcation.
Example 138. Consider
Tpi1 =€ — A
{yn+1 = —% arctan(y,, )
We calculate F] = e” and Fj = —%ﬁ, therefore:
1. When 0 < X\ < 1: no fixed point
2. Saddle node bifurcation at A =1
3. 1 < X< 2: 2 fixed points: 1 attracting and 1 saddle
4. When A = 2: period-doubling bifurcation
5. A > 27

Example 139. Consider

. (m) ., (cgsa —sin a) (:z:)
Yy sina cosa Yy
We have the following cases:

1. If @« #2 0 and A\ < 1, then 0 is an attracting fixed point. All nearby points spiral
toward the origin

2. If « # 0 and A > 1, then 0 is a repellor
3. If A=1: we only have rotation, no expansion or contraction.

We see the case of Hopf bifurcation: fixed points become stable or unstable, unstable
or stable, circle appears.

3 Continuous dynamical systems

3.1 Day 13: continuous dynamical system
3.1.1 General theory for continuous dynamical system

Consider & = f(x): one-dimensional or first order system.
If f= f(t,z), we define o =t and z; = x, the original system can be written as:

g (i) - (f<x01,x1>>
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Figure 46: Graphical analysis for sinx

Question 140. For a given initial point o, what is the behavior of x(t) as t — oo?

Example 141. We consider the system & = sinz where © = ‘fl—f. Then we get:

dx .
— = SInx
dt

d

o

SInx

t= /CSC{Bd:I?: —In|cscx +cotx| + C

Ift =0, and z = xg, we get
csc xg + cot xg
t=1In]|

cscx + cotx
This is hard to interpret!!

This is why we would like to do a different analysis, the graphical analysis in the
next section.

3.1.2 Graphical analysis

Assume t represents time, z is the position of an imaginary particle moving along the
z-axis. The z is the velocity. So take an example with & = sinz, this give the vector
field on the line. Moreover, © = 0 is when the particle stays at x,. The points satisfying
2z = 0 are called fixed points.

1. x = 2km for k =0,£1,+2,...: repellers/sources: unstable fixed points.
2. x =2km+ 7w for k=0,£1,42,... attractors/sinks: stable fixed points.
See figure for graphical visualization.

For any given initial condition, check & and get the following cases:
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Figure 47: Solution trajectories for sinx

_F“ X <0.
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Figure 48: General graphical analysis © = f(x)

1. If £ > 0, the solution heads to the right and approaches the nearest stable fixed.
point.

2. If £ < 0, the solution heads to the left and approaches the nearest stable fixed
point.

3. If x =0, z remain constant.

We have the solution trajectories in figure .

For a general one-dimensional system & = f(z):
To analyze the behavior of the solution for a given initial condition, we need to draw the
graph of f(z), and sketch the vector field on the real line. See figure for visualization.

Example 142. Consider # = z? — 1. The function is f(x) = 2* — 1. The fixed points
are f(z) = 0 which gives x = +1. The x = —1 it is stable (locally stable) and at = 1,
it is unstable. See figure for visualization.

a

Example 143. Consider & = a — bz for a,b > 0. The fixed point is z* = 3 is stable
(globally stable). See figure(50) for visualization.

3.1.3 linear stability analysis for continuous dynamical system

Consider & = f(z) and z* satisfies f(z*) = 0 is a fixed point. Introduce a small pertuba-
tion n(t) away from z*: x(t) = z* + n(t):

& =1 = f(a"+n)=f(=") +nf @)+ 00
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Figure 50: Graphical analysis 2 = a — bx
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Figure 51: stable vs unstable drawing (filled dot and empty dot)

Figure 52: Linear analysis ¢ = sinx

So
n =~ nf'(z*) linearization about z*

Solving this ODE gives:

77(1,) _ noef/(x*)t

where we called f’(z*) the exponential growth on decay rate.
1. If f'(2*) > 0, then n(t) grows exponentially: z* is unstable.
2. If f'(z*) <0, n(t) decays exponentially: z* is stable.
3. f'(z*) =0, O(n?) is not negligible.

See figure for visualization.

The term ﬁ is a characteristic time scale.
Example 144. & = sinx. The fixed point is sinz = 0 solve and give z* = kn for
k=0,%1,.... We also have the derivative f'(z) = cosz so:

1 k even : unstable

/ *) k_ —
Ja") = coskm {—1 k odd : stable

See figure for visualization.
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Figure 53: Phase portrait for N = rN(1 — &)
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Figure 54: Linear analysis solution trajectory for N = rN(1 — %), k is carrying capacity

Example 145. Consider N = N (1 — %) for r > 0, k > 0. Then the fixed points are:

N
N1-2)=
rN( k:) 0

So N* =0 and N* = k. In addition, the derivative of f(N) =rN(1—2)is f/(N) =r(1—

%) Therefore see figure for phase portrait and figure for solution trajectory:
1. When N* =0, f/(0) = r so 0 is unstable.

2. When N* =k, f'(k) =r(1 — 25) = —r so k is unstable.

Question 146. Will there be cases that linearization fail? YES. When f'(z*) = 0.

Example 147. Consider # = —(z — 1)> = f(z). Then the fixed point is z = 1. Note
that f'(z) = —3(z — 1)?, so f’(1) = 0. Linearization fails. However, we can use graphical
and see that f is decreasing, therefore we move toward the x =1 so x = 1 is stable. See
figure for visual.

Example 148. Consider & = (z — 1)®> = f(x). Then the fixed point is z = 1. Note that
f'(x) = 3(x — 1)?, so f(1) = 0. Linearization fails. However, we can use graphical and
see that f is increasing, therefore we move away from the z = 1 so x = 1 is unstable. See
figure for visual.
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Figure 56: = (z —1)?
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Figure 57: = (z —1)?

Example 149. Consider & = (z — 1)? = f(x). Then the fixed point is z = 1. Note that
f'(x) =2(x—1),s0 f'(1) = 0. Linearization fails. However, we can use graphical and see
that f is decreasing on the left of x = 1 and increasing on the right of x = 1, therefore we
move toward from the left and move away from the right of x = 1, so x = 1 is unstable.

See figure for visual.
Example 150. The simplest case when & = 0, we get a line of fixed points.

Theorem 151 (Existence and Uniqueness Theorem). Consider the initial value problem
& = f(x) and (0) = xy. Suppose that f(x) and f'(x) are continuous on an open interval
I of the x-axis, adn suppose that xq is a point in I. Then the initial value problem has a
solution z(t) on some time interval (—7,7) about t = 0 and the solution is unique.

Example 152. Consider & = 1 + z? with z(0) = zy. Solution exists for all time? Yes,
because f(z) = 1+2z? continuous, with continuous derivative everywhere. So the solution
exists and are unique for any zy. But the theorem does not say the solutions exists for
all time. This is because it really depends on the initial condition. Suppose we have the
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initial condition z(0) = 0. Then:

i=1+a"

1
de = [ dt
14 a2 o /

arctan(x) =t + ¢

With the initial condition x(0) = 0 gives ¢ = 0. Therefore z(¢) = arctan(t) is the solution.
But this solution only exists for —F < ¢ < 7, as if when ¢t — £7, 2(t) — £o0. Outside
of the interval, there is no solution to the initial value problem xq = 0. This is a blow
up phenomenon: solutions approach infinity in finite time.

3.2 Day 14: Bifurcation of continuous system
3.2.1 Potentials

Definition 153 (potential). Consider % = F(z), define the potential V() by V'(z) =

—F(x).
Now if we think of z as a function of ¢:
d dV dx , , , 9
—V=—== (— =— <
SV =2 V() (V@) = ~ (V@) <0

Therefore V() decreases along trajectories.
At fixed point/equilibrium point, we get V'(z*) = 0 (since it is ¢ = 0). These are called
critical points:

1. V"(2*) > 0: minima (stable)
2. V"(z*) < 0: maxima (unstable)
3. V'(x*) = 0: no information

Example 154. Consider & = 2z — 2®, so V'(z) = 2® —z. Then V(z) = —32% + 12*. The
stable fixed points are —1,1 and the unstable fixed point are 0. See figure (5.

Remark 155. Note the following:
1. If %(Q;*) # 0, then x* is called a hyperbolic fixed point.
2. Consider & = f(x,r). If x*,r* satisfies f(z*,7*) = 0, a necessary condition for

f(z*,7*) = 0 gives a bifurcation is 2 (z* ) =0
Oox

3.2.2 Bifurcation for continuous system

Definition 156 (bifurcation for continuous system). The qualitative structure of the
flow or the phase portrait can change as the parameters are varied. This phenomenon is
called bifurcation. The parameter value at which they occur are called bifurcation point.

Example 157 (saddle node bifurcation example). Consider & = r + 2% = f(z,r). De-
pending on the sign of r, the number of fixed points changed:

1. r > 0: there is no fixed point
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Figure 58: Potential V for & = 2 — 23

'F“) T>0. 'f“\

Y<0

Figure 59: fixed point analysis for & = r + 22

2. 7 =0: there is 1 fixed point at x = 0.

3. r < 0: there are 2 fixed points: r + 22 =0, so x = +/—r.

Note that f'(z,7) = 2z so we can get the stability of these fixed points. See figure (59)).
Then from these graphs, we see that bifurcation occurs at » = 0 in figure .

Question 158. Given & = F'(x,r), which is called normal form, under what condition
does a saddle node bifurcation occur?

Suppose there exists a point x., r. such that:

oF

F eac:()?_
(Te,7e) e

(Teyre) =0

with F,.(ze,7r.) # 0 and F,.(z.,1.) # 0.

We can linearize near x, and r.. Let:
T=Te+Yy, r=7.+0
Then:

2
T = y = F(xe +y,re + y) = F(xevrc) + Fx(xearc>y + Fr(xeyrc)é + Fam(xearc)% + ...

2

y = Fr<xea Tc)(s + an:(xea Tc)% RAEEEES since F(l‘e’ TC) = F:E(ZL’e,’I“C) =0

79



&

Figure 60: bifurcation for & = r + 22 occurs at r = 0

&

N
\ %

Figure 61: graph of e™ and r — z

Define F? = F,.(z.,r.) and F, = Fy.(xe,r.). Then we have a local ODE:

y?
2
Compare this with:
T=r+a®

Example 159. Consider £ = r — x — e~ *. The fixed point are r — x — e¢™® = 0, that is

. Graphical analysis with the 2 graphs y =7 — 2 and y = e in figure (61)
show that when r 1, there are 2 roots, and when r | there is no root.
The bifurcation point is where F(x,r) =0, F,(r,z) = 0:

r—x=e

F=0=r—ax=¢"

F,=0=—-14+e"=0
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Figure 63: graphical analysis for & = rz — 22
Sovling this give x = 0,7 = 1. In addition, F,, =1 # 0 and F,, = —e " = —1. So

=0
near r =0 and r =1 we get x =y, 7 =1+ 9. So: ‘

We get the two bifurcation diagram for y and for z in figure (the bifurcation for x
and r is deduced from bifurcation for y and 0 with the relationship z = y but r = 1 4 9)

Example 160 (Transcritical bifurcation). Consider & = rz — z? = f(z). Fixed point
re — x? = 0. The fixed points are z(r —z) = 0 so z = 0 and * = r. Note that
f'(x) = r —2x. When r = 0, we have 1 fixed point. When r # 0, we have 2 fixed
points. See figure for visualization. We also have the bifurcation diagram from that
graphical analysis (see figure (64]))

Example 161. Consider = rlnz +x — 1 = F(z,7). Show that the system undergoes
a transcritical bifurcation and derive the normal form near the bifurcation.
First note that x = 1 is always an equilibrium for any 7.

Flz,r)=0=rhaz+2z—-1=0

Fo(z,r)=0=—+1=0=2=—r
X
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Figure 65: transcritical normal for £ = rlnx + 2z — 1 for 2,0 and x,r
Then putting it back into F(z,7) = 0 and get:

1
z(l-Inz)=1=1—lnz=—
x
Therefore the only solution is = 1 and » = —1 (draw out the graphs and see).
Now we look for normal form around =z = 1,r = —1:
Let r=—=1+6 and = = 1 + y, then:

y=(—146).In(14+y)+y

:(—1+5)(y—%2+...)+y

y2
=oy+ 5+ O(6y?)

Let z = %y:
=62+ 2+ 0(627)

Two equilibrium z = 0 and z = —4. See figure for bifurcation diagram in z,d and
in z,r.

Example 162 (Pitchfork bifurcation continuous system). This is common when we have
a symmetry. Consider # = rx — 23 = f(z). The fixed point is 7z — 23 = 0. So
z(r—2?) = 0. Then the fixed points are z = 0and x = +,/r. See figure for graphical

analysis. From this graphical analysis, we get a supercritical pitchfork bifurcation (see

figure (67)).

Example 163. Consider & = rz + 23. The fixed point are x = 0 and x = £+/—r and we
have 3 fixed points when r < 0. See figure () for graphical and supercritical bifurcation
diagram.
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Figure 66: graphical analysis for & = ro — 3

-

Figure 67: supercritical pitchfork bifurcation for & = rz — 23

x) ' v
B; peatiosa  thog beem
Yeo: Fﬁ” P xa_j
X e
— —
/":J-’,r uberitical

prechfork bfureata

Figure 68: subcritical pitchfork bifurcation for & = ra + 23
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Theorem 164. Suppose that f : R xR — R is a smooth function and (xg, o) satisfy the
necessary bifurcation condition:

f(xg,m0) =0, %(mo,ro) =0

1. ]f (xo,ro) # 0, and (xo,ro) # 0, then a saddle-node bifurcation occurs at
(ﬁoﬂ“o)

2. ]f (:100,7“0) 0, and ar(xoﬂ”o) # 0 cmd (xo,ro) # 0, then a transcritical

bzfurcatwn occurs at (o, ro).

3. ]f (xo,ro) =0, and azar(xﬂ’ro) £0 and 2 o Q(IO,TO) =0, and (xo,ro) %0 and

gxé(xo,ro) = 0 then a pitchfork bifurcation occurs at (xg,10).

Example 165. Consider & = r?+rz—x3 = f(z,r). Then the fixed points are f(x,r) = 0
and f,(x,r) =0. So:

fz($,T)=0:>T—3x2:0:>r:3x2
And:

flz,r)=0=r"+rz—2°=0= 92" + 32> —2° = 0
(92 +2)=0

We get 2 pairs (x = 0,7 =0) and = = _577’:3'84_1 — 27

27
At © = 0,r = 0 we calculate:
fr=2r+zx =0
(0,0)
and
fxx = —b6x =0
(0,0)
and

So a pitchfork bifurcation occurs at r — 0,z = 0.

_ _ 4.
Atz = 9,T 7 oi
=2 =— ——#£0
f. r+x . 57 T 9 =+
( 9’27)
and o
fow = —6x =—#0
z=—2 9
9
A saddle node bifurcation occurs at r = 2—7 and r = —%.
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3.3 Day 15 and 16: Two dimensional systems - Chapter 5 Stro-

gatz
do  _
e
dy
dat

equilibrium point (zo, yo) satisfies:

{f(l’o, yo) =0

Consider

=

T,y

(z,9)

=

g(x()ay()) =0

Let x+ = 29 + 2, and y = yo + ¢ with z,5 < 1. Substitute them into the original
system and expand the RHS using Taylor expansion:

= 9% + f??ﬂ + higher order terms

d
Y 7 + gggj + higher order terms

dt
AN (N (7, ([
(‘Zi’) B (92 92> <y> _J(ﬂ)

Linearization system:

i

where

Solving the ODE as before we got:

where (J — A7 =0
Question 166. We have these questions:
1. Classify the equilibria
2. Does the classification persists under small non-linear terms?

3. How does the system look like near equilibria?

3.3.1 Analysis of two dimensional system based on Jacobian matrix

(Y

(a—=XN)(d—=X)—bc=0
N —(a+d)\+ad—bc=0

TV —4A
- 2

Now consider the Jacobian matrix

eigenvalues \ satisfy:

At
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Figure 69: saddle point two dimensional system

where A = 7J = a +d and A = det J = ad — be. Then we will have the 7' are:

7 = cle)‘+tv_+> + cge’\‘tv_,>

Now depends on the values Ay we have these cases:

1.

If both Ay are real. In addition, if Ay > 0 and A\_ < 0. We need A < 0. Then:

t—o0
7 = cleMtvj + CQeA*tﬁ —_ cle’\“fv_Jr>

This we will have a saddle point. See figure for visual.

If A+ are real but A_ < A, < 0, then we need 72 — 4A > 0. Note that this mean
7 < 0and A > 0. In addition, we note that [A,| < [A_|, and that o7 is the slow
eigendirection, while v~ is the fast direction. We also have a stable node case, see

figure .

If Ay are real but 0 < A_ < Ay, then we need 72 — 4A > 0. Note that this mean
7> 0 and A > 0. In this case we have unstable node. See figure (71)):

If Ay are complex with $8(AL) > 0. Let’s say Ay = o £ iw with a > 0. Then recall:

7 = clek“tv:> + 026’\*%_2

Then by Euler’s formula e = cos(wt) + 7 sin(wt):

Axt atiw)t at  tiwt

e 26( = e €

Therefore 7’ involves e® cos(wt) and e sin(wt) two unstable spiral nodes see

figure :
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Figure 70: stable node point two dimensional system
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Figure 71: unstable node point two dimensional system
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Figure 72: unstable spiral for two dimensional system

)
-
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Figure 73: stable spiral for two dimensional system

Poderiing coses:

[[T=o0 ?..1_:1;“}-

\V

Cl rn,anr) Center

Figure 74: linear center two dimensional system

5. If Ay complex with R(Ay) < 0. In this case we will get stable spiral. We need
7 <0and A >0so 7> —4A < 0. See figure :

6. The first borderline case: 7 = 0: then Ay = +iw (purely imaginary) We will get a
(linear) central as in figure

7. The second borderline case: A = 0: At least one of the eigenvalues is 0. In the
linear system, (0,0) is not an isolated fixed point (it is a line or a plane of fixed
point).

8. 72 = 4A: we get equal eigenvalue. There are two possible cases:

(a) 2 independent eigenvectors: they will span the plan. So any vector is an

eigenvector z(t) = Mzg. All trajectory are straight lines through the origin.
So the fixed point is a star node. See figure

(b) 1 eigenvector (eigenspace is 1-dimensional): The fixed point is a degenerate
node, see figure

See figure for a summary of all the cases.

Remark 167. The classifications of an equilibrium point for nonlinear system is exactly
the same for the linearized problem except for borderline cases. For instance, the center
may be a stable/unstable spiral or remain a center.

)= (52 6)
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Example 168. Consider:



Figure 75: star node two dimensional system

Figure 76: degenerate node two dimensional system

89



Figure 77: two dimensional system summary
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Figure 78: two dimensional system example 1

=(5)

Weget 7 =trJ =4 >0and A =detJ =13 >0, and 72 —4A = 16 — 4.13 < 0 so we
have unstable spiral. The fixed point is at (0,0). Also, solve the eigenvalue and get

A=2=x31 Let
r\ [ Zo
(0)=(5) =0
T . 2.1'0
y)  \—3xo
Since 2xy > 0 and —3z7 < 0 we get a clockwise rotation as in figure
r\ (5 —4 x
y) \-8 1 (]
5 —4
(57

We get 7 =trJ =6 >0 and A = detJ =5 — 32 < 0 so this is a saddle point. The
eigenvalues are:

With the matrix

Then:

Example 169. Consider:

With the matrix

MN—_—TA+A=0
AN —6A—27T=0
A= —-3,9
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Figure 79: two dimensional system example 2

1. With A\; = —3: We solve:

And get:

This gives

2. Wtth Ay = 9 we solve:

(J—onNT =10
And get:
—4 —4 0
(= )7-0)
This gives

See figure for the diagram.

Example 170. Consider & = ay and § = —ax, for @« > 0. The fixed point is at (0,0)
and the Jacobian matrix is
J— 0 «
|—a 0
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Figure 80: two dimensional system example 3

The eigenvalues A2 +a? = 0so A\ = +io. The 7 = trJ = 0 and A = detJ = o? > 0.
Therefore we got a circular case rotation down, see figure . This is because suppose

() =(%)

Then # = 0 and y = —axg < 0 pointing down.

3.4 Day 17: More examples of two dimensional continuous sys-
tem

3.4.1 DMore important examples: conservative and Hamiltonian

Example 171 (Conservative System). A particle of mass m moving along the x— axis,
subject to a nonlinear force F'(x). The equation of motion is

mi = F(x)

F' is independent of & and ¢, no damping or friction, no time-dependent driving force.
Let V(z) be the potential energy, F(z) = —4X. Denote V'(z) = 42X we have:

dx
mi+V'(x) =0
To find the equilibrium and its stability, let:
t=yand y=—-V'(x)

Also, let x = x¢ and y = 0 be an equilibrium. Then linearization get:
r =X+ T
y =0+y

) 0 1\ (@
y)  \=V"(x0) 0)\y
The eigenvalue then must satisify A\* + V" (zg) = 0.
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1. If V"(x) < 0, this is a maximum. So A, = £4/—V"(x¢): saddle point.

2. If V"(xo) > 0, this is a minimum. So A, = iy/V"(x¢): center.

Linearization theory predicts a center. But is there really a closed orbit for the nonlinear
problem?
Multiply both sides of

t=yand y=—-V'(x)
by  and y we get:
Ty = yy
yr = —V'(x)x
Therefore:
yy+ V'(x)z =0
d

- E(%y? V(@) =0

Then the total energy F = %9’52 + V(z) is a constant of time. We noted E the conserved
quantity. Motion is on the level curves of E. As V(x) has a local min at x = zg, F is
locally convex, closed orbits persist in the nonlinear system.

R
Theorem 172. Consider the system i = F(z), where @ = (z,y) € R? and F(Z) is con-
tinuously differentiable. Suppose there exists a conserved quantity E(?) and suppose 74
1s an isolated fized points. [faj_g 18 a local minimum of E, then all trajectories sufficiently
close to :?5 are closed.

Example 173 (Nonlinear terms might change a linear center). Consider the system with
[ constant:

b=yt B )
y =-—z+Bya®+y°)
Find and classify the fixed point. The (0,0) is a fixed point. Note the Jacobian matrix:

(36$2 + By? 1428wy ) ( 0 1)
J = “\=10
(0,0) N

—1+2pzy  Ba* + 3Py
Then trJ = 0 and det J = 1 > 0, so eigenvalues A\ = £i. Thus (0,0) is a (linear) center.
The linearized theory predicts a center at the point (0,0). Do the nonlinear terms pertube
the center to become spiral?
To analyze the nonlinear system, we use polar coordinates:

T =rcost
y =rsinf

where r* = 2* + y* and 0 = arctan(¥). Then:

2rr = 2z + 2yy
= 11 = x(y + fr(a® + y*)) + y(—= + By(z® + ¢?))
ri = B(a® +y*)(@® +y?) = Ba® +y7)* = pr'
= 7= fr
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Figure 81: nonlinear terms might change a linear center

From the definition 0 = arctan(¥) we get:

So we get the system:

And we got three cases for the graphical (depends on value f3), see figure .

Definition 174 (Hamiltonian system). A system is Hamiltonian iff there is some H =

H(x,y) such that
d x %—H
dt (y> - <—§—H

The function H is called the Hamiltonian function for the system.

Example 175. Show that the system

dx
L =3+
is Hamiltonian.
Need to find H(zx,y):
Assume
OH
= 21— 3
dy LT

Next recall that:

Calculate

95



@

ﬁ\f

Figure 6.1.2

Figure 82: Global phase portrait idea

We get f'(z) = 322, so f(z) = 23. Thus:
H(z,y) =2 -y’ — 2zy

For the Hamiltonian systems

dH

T =H, 2+ H,y=0

Therefore H(z,y) is constant along any solution curve.
Exercise: Verify that if H(x,y) has a minima/maxima at Z, where Zj is a center.

3.4.2 Global phase portrait

Consider the system:

Yy =g(x,y)

We want to analyze the qualitative behavior of the solution in the phase plane. See figure

(82)

The features that we want to obtain are:

1. Fixed points A,B, C

2. Closed orbits, periodic solution: T(t) = m where 7 is a constant.
3. Arrangement of trajectories near the fixed points and closed orbits.

4. Stability of fixed points and closed orbits.

Example 176. Consider the system:

r =x+e?
y =-y
Show the global phase portrait.
The fixed points is  + €Y = 0 and —y = 0. Therefore we get (—1,0) is the only
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Figure 83: Global phase portrait fixed point

equilibrium point.
For stability, the Jacobian matrix is:

1 e 1 -1
R B ()
0 —1 )| \0 -1

The eigenvalue is A = +1, so we get saddle point.

1. When A =1 we get the eigenvector

See figure for the phase portrait (with eigenvectors near the fixed point)

Definition 177 (Nullcline). The Nullcline is the curve when either # = 0 and y = 0.

So the nullclines for this example is:

t=0
r+e?=0
—e Y
r=e
Now for the other y = —y:
y_



Figure 84: Nullclines

<0 x<-1

t=x4+e?V=x+1=
>0 x>-1

Nullcline indicate where the trajectories are purely horizontal or vertical. It partitions
the plane into regions where & and gy have different signs. Look at figure for the
nullclines and phase portrait.

Remark 178. Assume the function ?(x,y) is sufficiently smooth, the solution trajec-
tories cannot cross (uniqueness). Trajectories can meet at a fixed point as ¢t — oo, if
stable. If we consider any trajectory starting inside a closed curve C, C' is a trajectory,
it remains in C for all time.

3.5 Day 18: Population Problems

Definition 179 (Population problems). Let z,y denote the population of two species
> 0. There are these types of model:

1. Predator-prey with overcrowding: x is predator and y is prey, so

T =(—a—axr+byx
gy =(B—cx—dyly

2. The competition model: with «, 3, a,b,c,d > 0:
t =(a—axr—by)z
g =(B—cx—dyly
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3. The cooperation model

t = (a—azx+byx
y = (B+cr—dy)y

Example 180. Consider the system:

¥

The equilibrium points is when:

r(3—z—-2y) = f(z,y)
y2 -z —y) = g(z,y)

Therefore:

Then x =0or3—2—2y=0,ory=0o0r2—x—y =0. We get the following four
equilibrium points: (0,0), (0,2), (3,0), (1,1).
To classify these fixed points, we need the Jacobian matrix:

J— 3—2x—2y —2z
a —y 2—x—2y

We identify each cases of fixed points:

1. For (0,0), the Jacobian matrix is

)

and it has 2 eigenvalues A\ = 3,2: unstable node. The eigenvectors are:

(a) A = 3, the eigenvector is
(b) A = 2, the eigenvector is

The portrait for this fixed point (0, 0) is in figure

2. for fixed point (0,2), the Jacobian is

1=(50)

and it has 2 eigenvalues A = —1, —2: stable node. The eigenvectors are:

7= (%)
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(a) A = —1, the eigenvector is
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Figure 85: unstable node population model

Stable naode

) Y
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Figure 86: stable node population model

()

The portrait for this fixed point (0,2) is in figure

(b) A = —2, the eigenvector is

3. for fixed point (3,0), the Jacobian is

=3 )

and it has 2 eigenvalues A\ = —3, —1: stable node. The eigenvectors are:

()
()

The portrait for this fixed point (3,0) is in figure (87)

(a) A = —1, the eigenvector is

(b) A = —3, the eigenvector is

4. for fixed point (1, 1), the Jacobian matrix is:
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Stable nﬂulf .

Figure 87: stable node population model

Godlelle point. A:-1-J2 <0

~ 4

Figure 88: saddle node population model

-1 =2
(5 5)
The eigenvalues are (A + 1)> — 2 = 0, and this gives two eigenvalues A = —1 +
V2. There is saddle point at A = —1 + V2.

The eigenvectors are:

(a) A= —1++/2, the eigenvector is

(b) A= —1 — /2, the eigenvector is

o

1

The portrait for this fixed point (3,0) is in figure (88)

Now we get the summarizing results for fixed points in figure
Recall also the
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Figure 89: summarize fixed point population model

1. Stable manifold {z : (t) — z*,t — oo}. This is also called the basin of attraction
(for the attracting fixed point). And the stable manifold of the saddle point gives
the basin of boundary.

2. Unstable manifold {z¢ : z(t) — z*,t — —o0}

Combine with fixed points summary we get this figure :
Now we combine in addition the nullclines:

1. Forjrzo,Wegetx:OorS—x—Qy:()soy:3_7‘”
2. Fory=0,wegety=0o0ry=2—ux.

With all the values & and y (less than zero or bigger than zero) between regions, we get
the figure (drawing out the nullclines y = 2 — z and y = %5%)

T =y
y =x—a°

Then the energy E = 3y* — 222 + 12*. In this case we get a homoclinic orbit: a
trajectory which connects a fixed point to itself. See figure

Example 181. consider the system

Example 182. Consider the system:

0 =
U = —sinf
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Figure 90: summarize fixed point with basin of attraction population model

Figure 91: summarize fixed point with nullclines
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Figure 92: homoclinic orbit

Figure 93: heteroclinic orbit



Limit Gjeits; solated  olmsed fmjufmi%

e~ — ~
G, @ @),

Timit eycle limit cycle limit cycle

Figure 94: limit cycles

this is a pendulum. This is a heteroclinic orbit: a trajectory which connects distinct
fixed points. See figure (93)
We have:

6 +sinf =0
(6 +sinf) =0

1.
592 —cosf = C = constant

Because E(0,v) = $v* — cosf. We also get the fixed point (6*,v*) = (k,0).

3.5.1 Limit cycles: isolated closed trajectories
See figure for pictures:

Example 183. Consider the system:

T =x+y+ Br(z? +y?)
y =-—x+y+Pyla®+y?)

We get ¢ = rcosf and y = rsinf when we convert it to polar coordinates, with r? =
z* +y?, 6 = arctan(£). Therefore:

ro=r+pr2=r(1+pr?
0 =-1

1. When 5 > 0: 1 fixed point » = 0 . So the fixed point is the origin (0, 0).

2. When 8 < 0: 2 fixed points on 7 > 0, 7* = 0 and r* = —%

See figure for all the portraits.
Theorem 184 (Poincare-Bendixson Theorem). Suppose that:

1. D is a closed bounded subset of the plane R2.
%
2. & = f(x) is a continuously differentiable vector field on an open set containing D.

3. D does not contain any fixed points.
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Figure 95: limit cycles example

4. There exists a trajectory C' that is confined in D, in the sense that it starts in D
and stays for all future times.

Then D contains a closed orbit.

To ensure the trajectory C' exists, construct a trapping region 2, i.e., a closed con-
nected set such that the vector field points inward everywhere on the boundary of €.
Then all trajectories in R is confined.

Example 185 (Glycolysis oscillations). Consider the system
T =-—x+ay+ 1y
y =b—ay—a%y

For z,y > 0 and a,b > 0.
The nullclines are:

1. When z = 0:
—z+ay+a2¥y =0
o
Y= araz
2. When y = 0:
b—ay—x*y =0
b
Y= a2

See figure for nullclines diagram:
Now we try to construct that region of closed orbit D. We just need to show that:

(=§) —d >0

The constructed region is a trapping region.
The fixed point of the system is x* = b and y* = +b2 See figure (97| for the construction

process:
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Figure 97: Glycolysis oscillations closed orbit construction
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Figure 98: glycolysis oscillations region D by Poincare Bendixson theorem

ctoble fund
[Jn‘wc .

-~ Qa

Figure 99: glycolysis oscillations based on a and b

The Jacobian matrix is:

g (~t+2ay a+
T\ —2zy —(a+2?)

_ (b2 P+a
== ~op2
x*y* ai?ﬁ _<a + b2)

Then detJ = a + b*> > 0 since a,b > 0, and trJ = EP-a)-t*+a)® e fixed point is

bta
unstable for trJ > 0 and stable for trJ < 0. Then in this case, when trJ > 0, consider

the region by the Poincare-Bendixson theorem, there is a limit cycle in the given region.
See the figure for this region.
In addition, depends on a, b we have this figure

3.6 Day 19: More on Population problem
3.6.1 Bifurcation

A revisit to saddle nodes, transcritical, and pitchfork.
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Figure 100: general bifurcation in population example

Figure 101: sketch of bifurcation

Example 186. Consider the system

& = pu— 2’
y =-y

The fixed points are (£,/7,0). The Jacobian matrix is:

-2z 0
=0 5
We see that (—,/i1,0) saddle and (y/j,0) stable. The bifrucation diagram is in figure

(1100)).
Generally, the system:

—
< 8
Il
e -
®
e @

has the graph like figure (101)

The bifurcations are:
1. Transcritical bifurcation: & = yx — 2 and § = —y.

2. Pitchfork bifurcation: # = ux £ 2® and y = —v.
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Figure 102: Hopf bifurcation real eigenvalues

3.6.2 Hopf bifurcation
The system is

4 )
= ?(?,a) €eR

Suppose there is a fixed point zg. That is ?(xo, a) = 0 where T4 = :17_>0(a).
Suppose that the fixed point is stable, and it becomes unstable if it varies. What happens
to the eigenvalues of the Jacobian matrix?

1. Eigenvalues are real (see figure(102) )
2. Eigenvalues are complex (see figure (103 )
But we could have a new type of bifurcation: Hopf bifurcation.

Example 187. For example, consider

=40
With A = pu %+ iv. Suppose p(ag) = 0 and p/(ap) > 0. The Hopf bifurcation happens at

a = ag. See figure ((104)).
Two types of Hopf bifurcation are supercritical and subcritical in figure (105)):

Example 188. Glycolysis: When trJ = 0 and det J > 0, Hopf bifurcation happens.

4 Past Qualifying Exams

4.1 Fall 2021

Answers 3 of the following 5 problems:

110



1

-‘Elﬁmik
R | > with L. to

ohe &“PW "~

— )h)»ayl

Figure 103: bifurcation complex eigenvalues
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Figure 104: Hopf bifurcation happens at ag
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Figure 105: two types of Hopf bifurcation
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Problem 1.
1. (2 points) Describe the fundamental lemma of the calculus of variations.

2. (3 points) Describe the Brachistochrone problem and derive the functional for it
when initial velocity is zero, Do not solve the variational problem.

3. (5 points) Show that if y(z) is an extremum of the functional J[y(z)] = fab F(z,y,y)dz,
and if the endpoints y(a) and y(b) are not specified, then y(z) must satisfy the
Euler-Lagrange Equation and the natural boundary conditions.

Hints. Should?
Proof. How O]
Problem 2.

1. (2 points) Describe the definition of the action function.

2. (3 points) Define the canonical variable, and write down the Legendre transform
and the canonical form of the Euler-Lagrange equation.

3. (5 points) Find the extremal of the functional J[y| = f;f /1?4 (r')2df where
r=r(6).

Hints. Yay?
Proof. Not... m
Problem 3.

1. (3 points) Explain the connection of the solution of the Euler-Lagrange equation
with solution of the hamilton-Jacobi equation.

2. (4 points) Given the functional J[y(z)] = f;ol F(z,y,y")dz. Prove that the transver-
sality is the same as orthogonality if and only if F(z,y,y’) has the form F(z,y,y’) =
g(x,y)\/1+ (y')? with g(z,y) # 0 near the point of intersection.

3. (3 points) Give the definition of the fixed points of continuous and discrete dynami-
cal systems, and describe how to determine whether the fixed points are hyperbolic
or not.

Hints. Nah
Proof. Well m
Problem 4.

1. (2 points) Describe the definition of topological conjugacy.

2. (2 points) Give a definition of a chaotic discrete dynamic system

3. (4 points) Determine the stability of fixed points and the period-2 cycle of the
discrete dynamical system x, 1 = rx,(1 — z,) when r € (3,1 + /6.
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4. (2 points) Determine the first four elements in the itinerary with xo = 1/8 for the
logistic map with r =4

Hints. Could be
Proof. Nah m
Problem 5.

1. (2 points) For a two-dimensional continuous system, give the definition of nullclines,
and describe how it can help plot the phase portrait of the system.

2. (4 points) Consider the dynamic system @ = rx + 423, find the bifurication points
and identify the type of bifurication.

3. (4 points) For the following system:
t=x(3—1—y)
=y2-z-y)

find and classify all of the fixed points. Determine whether the relation between
the 2 species x and y is competition or cooperation, and explain.

Hints. Nah
Proof. yes m
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