MATH 031 — Spring 2026 Worksheet #12

Detailed Solutions: Linear Independence and Bases

Khoi Vo

Exercise 1
Find a basis for the subspace
H:{AEMQXQIA:AT}

of all symmetric 2 x 2 matrices.

Solution
Let )
a
a=[e
Then
T a C
=[5 ]
The condition A = AT means
a bl |a c
c d| |b d
Therefore,
b=c.

So every symmetric 2 X 2 matrix has the form
a b
A= .
We can rewrite this matrix as a linear combination:

a b] 10 fo1 00
{b d__“{o 0_”{1 0}*‘1{0 1]

o of 1 o] lo 1)

Thus, a basis for H is




Explanation

These three matrices span all symmetric 2 x 2 matrices because any symmetric matrix can
be written as a linear combination of them. They are also linearly independent because none
of these matrices can be written as a linear combination of the others. Therefore, they form
a basis.
So,
dim(H) = 3.



Exercise 2

Determine in each case whether the given vectors are a basis for R3.

Part (a)
1 1 1
o, 1], [1
0 0 1
Solution

There are three vectors in R3. To be a basis for R?, they must be linearly independent.
Place the vectors as columns:

1 11
A=10 1 1
0 0 1
This matrix is upper triangular, and its determinant is
det(A)=1-1-1=1.

Since

det(A) # 0,

the vectors are linearly independent.
Therefore, the vectors form a basis for R3.

Yes, this set is a basis for R3.

Part (b)
1 0 0
(0] |1
1 0 0
Solution
This set contains the zero vector:
0
0
0

Any set containing the zero vector is automatically linearly dependent. A basis must be
linearly independent.
Therefore, this set cannot be a basis for R3.

No, this set is not a basis for R?.




Part (c)

Solution

This set contains four vectors in R3.

A basis for R?® must contain exactly three linearly independent vectors. Since this set has
four vectors, it must be linearly dependent.

Therefore, this set cannot be a basis for R3.

No, this set is not a basis for R?.

Part (d)
1 —4
2 1,1-5
-3 6
Solution

This set contains only two vectors in R?.
A basis for R? must span all of R?. Two vectors cannot span all of R3.
Therefore, this set cannot be a basis for R3.

No, this set is not a basis for R?.




Exercise 3

Find bases for Nul(A4), Col(A), and Row(A), where

-2 4 =2
A=12 -6 -3
-3 8 2
Solution
We row-reduce A.
-2 4 =2
A=12 -6 -3
-3 8 2

The reduced row echelon form is

10
rref(A) = [0 1
0 0
The pivot columns are columns 1 and 2.
Basis for Nul(A)
To find Nul(A), solve
Ax = 0.

Using the reduced row echelon form, we have

106 5 il
013 3|
000 0 3

Xy

This gives the equations

oot O

-3

O lw Ut

o O O

T —1—61:3—1—5954 :O,

and
) 3
To + 5.%’3 + 51‘4 =0.
Thus,
T1 = —6x3 — Dy,
and
5 3
Ty = —5503 — §x4.
Let
T3 = S, T4 =1.



Then

r1 = —6s — bt,
and
Ty = —55 — 315
2T 27 2
Therefore,
Ty —6s — 5t
5 3
X — T2 _ —55 — Et
T3
Ty t
Separate the parameters:
—6 -5
_35 _3
— 2 2
X=s|4 +1 0
0 1
So a basis for Nul(A) is
—6] [-5
_3 _3
2 2
1(710
0] |1
To avoid fractions, we may also multiply each vector by 2. An equivalent basis is
—12] [-10
-5 -3
2 1710
0] [ 2

Basis for Col(A)

The pivot columns of the reduced row echelon form are columns 1 and 2. To find a basis for
the column space of A, we use the corresponding columns of the original matrix A.
Column 1 of A is o

—2
2
—_3—
Column 2 of A is L
4
—6
- 8 -
Therefore, a basis for Col(A) is
—2 4
21,6
-3 8




Basis for Row(A)

A basis for the row space of A is given by the nonzero rows of the reduced row echelon form.
The nonzero rows are

1 0 6 5],
and
015 3

Therefore, a basis for Row(A) is

Summary
rank(A) = 2.
So,
dim(Col(A4)) = 2,
dim(Row(A)) = 2,
and

dim(Nul(A)) =4 — 2 = 2.



Exercise 4

Find a basis for the set of vectors in R? in the plane

T+ 2y+2=0.
Solution
We want all vectors
T
y| € R?
z
satisfying
r+2y+2=0.
Solve for z:
r=—-2y—z.
Let
Yy =S, z=1
Then

r=—2s —t.

So every vector in the plane has the form

x —25—1
Yyl = S
z t
Separate the parameters:
—2s —t —2 -1
S =s|1|+t]0
t 1
Therefore, a basis for the plane is
-2 -1
11,10
1

Explanation

The plane x + 2y + z = 0 passes through the origin, so it is a subspace of R?. Since it
is a plane through the origin, it should have dimension 2. Our basis contains two linearly
independent vectors, so this is correct.



Exercise 5
True or false? Briefly justify your answers.

(1)

A single vector by itself is always linearly dependent.

Answer

A set containing one vector {v} is linearly dependent only if

If

then {v} is linearly independent.

(ii)

A linearly independent set in a subspace H is a basis for H.

Answer

A basis for H must be both linearly independent and spanning.
A linearly independent set in H may fail to span all of H. For example, in R3,

1
0
0

is linearly independent, but it is not a basis for R® because it does not span R3.

(iii)
If
H = Span(by,...,b,),
then
{by,...,b,}

is a basis for H.



Answer

{by,...,b,}

spans H, but it may not be linearly independent.
A basis must be a spanning set that is also linearly independent.

s ([1]. 7]
s ([o])

but the two-vector set is linearly dependent.

(iv)

The columns of an invertible n x n matrix form a basis for R”.

The set

is the same as

Answer

If an n x n matrix is invertible, then its columns are linearly independent. Since there
are n linearly independent vectors in R", they automatically form a basis for R".

(v)

A basis is a linearly independent set that is as large as possible.

Answer

A basis can be described as a maximal linearly independent set. This means that once
a set is a basis, we cannot add another vector from the same space without making the set
linearly dependent.

(vi)

A basis is a spanning set that is as large as possible.
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Answer

A basis is not a spanning set that is as large as possible. Instead, a basis is a spanning
set that is as small as possible while still spanning the space.

For example, in R?, a basis has exactly 3 vectors. If we add more vectors, the set may
still span R3, but it will become linearly dependent.

(vii)

Row operations preserve the linear dependence relations among the rows of A.

Answer

Elementary row operations are reversible. They change the rows by replacing them with
linear combinations of the original rows, but they do not change the row space of the matrix.

Therefore, row operations preserve the dimension of the row space and preserve whether
the rows are linearly independent or linearly dependent.

(viii)

If B is an echelon form of a matrix A, the pivot columns of B form a basis for Col(A).

Answer

The pivot columns of B do not usually form a basis for Col(A).

Instead, we use the pivot column positions of B, then take the corresponding columns
from the original matrix A.

Therefore, the correct statement is:

The pivot columns of A form a basis for Col(A).

More precisely, after row-reducing A to an echelon form B, we identify the pivot columns
in B. Then the corresponding columns of the original matrix A form a basis for Col(A).
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Final Answers Summary

1. A basis for the symmetric 2 x 2 matrices is

o o ol o 2]}

3. o

—12 —10

-5 -3

Nul(A) : 5 |1 o

0] | 2

2] [4

Col(A) : 21,|-6

-3] |8

Row(A): {[1 0 6 5],[0 1 5 3]}.

4. A basis for the plane z 4+ 2y + z = 0 is

—2 —1
11,10
0 1
D.
Statement | Answer

(1) False
(44) False
(7i1) False
(1v) True
(v) True
(vi) False
(vit) True
(viid) False

Copyright Notice

Copyright () 2026 Khoi Vo. All rights reserved.

This solution is written for educational purposes. Unauthorized copying, redistribution,
or commercial use without permission is prohibited.
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Copyright Notice

Copyright (©) 2026 Khoi Vo. All rights reserved.

This solution is prepared for educational purposes only. Unauthorized copying, redistri-
bution, publication, or commercial use without written permission is prohibited.

Prepared by Khoi Vo.
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