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Main Idea: Elementary Row Matrices

When we perform row operations on a matrix A, each row operation can be represented by left
multiplication by an elementary matrix.

A— ElA — EQElA — E3E2E1A —

Therefore, if we row-reduce A to its reduced row echelon form, then we can write

EyEj_1 - E2E{ A = RREF(A).

The order is important. The first row operation corresponds to E7, but in the final product it
appears closest to A.

Exercise 1

Obtain a factorization

Ey---E3E1A=RREF(A)

for each matrix.



Exercise 1(a)

We are given

]

We row-reduce A to its reduced row echelon form.

1 2| Ry=R.—3R; |1 2
3 4 0 —-2|°

The elementary matrix for the operation Ry := Ro — 3R is obtained by applying the same row

operation to Io:
1 0
B = [_3 1].

ma=[ 6 -0 2

Next, make the second pivot equal to 1:

1 27 Re=—1Rs [1 2
0 —2 “lo 1]

Thus,

The elementary matrix is

1 0
=l )
Then
1 2
pa=|} 7]

Finally, eliminate the entry above the pivot in column 2:

1 2| Ri:=Ri1-2R, |1 O
01 0 1|°

The elementary matrix is

Therefore,

E3EyE A =

So one valid factorization is

e R T




Hence,

|[RREF(4) = I. |
Exercise 1(b)
We are given
1 1 4
B=|1 2 4
1 3 4

We row-reduce B.
First, eliminate the entry below the first pivot in row 2:

1 1 4 1 1
12 4 fEEfemfi gy g
1 3 4 1 3
The elementary matrix is
1 00
Ei=|-1 10
0 01

The elementary matrix is

Now eliminate the entry below the second pivot:

11 4 . 1
01 0 R3:=R3—2R> 0
0 20 0
The elementary matrix is
1 0 0
Es=10 1 0
0 -2 1

—_

S = O

S =

= O

O O =~
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The elementary matrix is

1 -1 0
Ei=10 1 0
0 0 1
Therefore,
1 0 4
E,EsE,E1B= [0 1 0| = RREF(B).
0 00
So one valid factorization is
1 -1 01 O O 1 0 O 1 0 0] 1]1 1 4 1 0 4
0O 1 o0/]j0 1 oOof]O0 1 Of|-1 1 0|11 2 4 010
0 0 1110 -2 1 |-1 0 1 0 0 11 3 4 0 00
Hence,
1 0 4
RREF(B)= (0 1 0
0 00
Exercise 1(c)
We are given
1 01
C=121 3
1 4 5

We row-reduce C.
First, eliminate the entry below the first pivot in row 2:

101 10 1
9 1 g| Bx=fez2Ri 4y 4
145 1 4 5

The elementary matrix is

1 00
Eir=1-2 10
0 01

Next, eliminate the entry below the first pivot in row 3:
R3:=R3— R,

1 1 1 01
0 1] ————— (0 1 1
1 ) 0 4 4

= = O

The elementary matrix is




1
Er=10
-1

O = O
_— o O

Now eliminate the entry below the second pivot:
1 01 1 0 1
01 1 m 01 1
0 4 4 0 00

The elementary matrix is

1 0 0
Es=10 1 0
0 —4 1

The matrix is now in reduced row echelon form because the pivot columns already have zeros
above and below the pivots.

Therefore,
(1 0 1
EsE;E1C = |0 1 1| =RREF(C).
0 0 0
So one valid factorization is
1 0 01 oo o0[1 0 O0]f1t 01 1 01
0O 1 0 0O 1 0of|—-2 1 0](2 1 3]=1(011
0 -4 1) |-1 0 1] [0 O 1fJ |1 4 5 000
Hence,
1 0 1
RREF(C)=10 1 1
0 00

Exercise 2

Find the determinants of all elementary row matrices of sizes 2 x 2 and 3 x 3.
General Pattern

There are three types of elementary row matrices.

Type I. Switching two rows.
This changes the sign of the determinant. Therefore,

det(E) = —1.



Type II. Multiplying one row by a nonzero scalar .

This multiplies the determinant by «. Therefore,
det(E) = a.
Type III. Adding a multiple of one row to another row.
This does not change the determinant. Therefore,

det(E) = 1.

All Elementary Row Matrices of Size 2 x 2
Type I: Switching Rows

The only possible row-switching matrix of size 2 x 2 is

0 1
5= 1)
Its determinant is

det(E) = (0)(0) - (1)(1) = ~L.

Therefore,

0 1
det L O] = —1.

Type II: Multiplying One Row by «

There are two possible matrices:

a 0 1 0
E1—|:0 1:|, E2—|:0 Oé:|7 04#0
Their determinants are

det(E1) =a-1-0-0=q,

and
det(E2)=1-aa—0-0=q.
Therefore,
a 0
det [0 1] =
and
det Ll) O] =




Type III: Adding a Multiple of One Row to Another

There are two possible matrices:

Their determinants are

and
det(By) = (1)(1) — (c)(0) = 1
Therefore,
10
det L 1] =1
and
1 c
det [0 1] =1.

All Elementary Row Matrices of Size 3 x 3
Type I: Switching Two Rows

There are three possible row switches.

1 0 0 01 10
By = 0 0f, Ei3s=(0 1 0f, Eys= ({0 0
01 1 00

0

Each matrix is obtained from I3 by switching two rows. A single row switch changes the sign
of the determinant. Since

det(l3) =1,

each type I elementary matrix has determinant

—1.

Therefore,

|det(E) = det(F)3) = det(Fa) = —1.|

Explicitly,

Q.

@

-+
O = O




0 1
det |0 1 0| =-1
1 0
and
10
det |0 0 1| =-1
0 1
Type II: Multiplying One Row by «
There are three possible matrices:
a 0 0 1 0 0 1 0 0
Ei=1(0 1 0], Er=1(0 a 0], Es=1(0 1 0], a#0
0 0 1 0 0 1 0 0 «

—+

Since each matrix is diagonal, the determinant is the product of the diagonal entries.

Thus,

det(Eh)=a-1-1=aq,

det(E2) =1 -a-1=aq,
and
det(E3)=1-1-a=a.

Therefore,
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Type III: Adding a Multiple of One Row to Another

For a 3 x 3 matrix, there are six possible ordered row replacement operations because we can choose
R, =R, + CRJ' with ¢ 7& J-

They are:
[1 ¢ 0]
Ry =Ry +cRsy: FEix=10 1 0f,
[1 0 c]
Ri:= Ry +cR3: Eis=1(0 1 0],
_0 0 1_
[1 0 0]
Ry := Ry +cR; : Eyy=1|c 1 0f,
0 0 1]
[1 0 O]
Ry := Ry + cR3 : FEoys= 10 1 cf,
_0 0 1_
[1 0 0]
R3:= R3+cR; : FE3 = 1 0],
and
1 0 0
R3 := R3 + cRs : FEx=1(0 1 0
0 c 1

Each of these matrices is triangular with diagonal entries all equal to 1. Therefore, each deter-
minant is the product of the diagonal entries:

1-1-1=1.

Therefore,

‘det(Elg) = det(Elg) = det(Egl) = det(Egg) = det(Egl) = det(Egg) =1. ‘

Explicitly,
[1 ¢ 0]
det |10 1 0| =1
_0 1_
1 7
det [0 1 =1
_0 1_




- 0
det [¢ 1 0 =1
_0 1_
1 0
det [0 1 ¢| =1
0 0 1]
[1 0 0]
det |0 1 0| =1
_C 1_
and
1 00
det [0 1 0Of =1.
0 ¢ 1
Summary of Exercise 2
For any elementary row matrix E:
Type ‘ Row Operation ‘ det(E)
Type I Switch two rows -1
Type 11 Multiply one row by « # 0 Q@
Type III | Add a multiple of one row to another row 1

Final Answers

Exercise 1

RREF(A) = B (1)]

—_
]

RREF(B) = |0

[
—_

RREF(C) = |0

10




Exercise 2

’det(Type I elementary matrix) = —1 ‘

’det(Type IT elementary matrix) = « ‘

’det(Type III elementary matrix) = 1 ‘

11



